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expertise can be very helpful. However, it remains unknown that what causal relations are
identifiable given background knowledge in the presence of latent confounders. In this paper,
we solve the problem with sound and complete orientation rules when the background
knowledge is given in a local form. Furthermore, based on the solution to the problem,

Iéﬁﬁﬁrﬁ;covery this paper proposes two applications that are of independent interests. One is that we give
Background knowledge a maximal ancestral graph (MAG) listing algorithm, to output all the MAGs consistent to
Latent variables the observational data in the presence of latent variables. The other application is that we
Partial ancestral graph present a general active learning framework for causal discovery in the presence of latent

confounders, where we propose a baseline criterion to select the intervention variable with
a Metropolis-Hastings MAG-sampling method. Experiments validate the efficiency of the
proposed MAG listing method and the effectiveness of the active learning framework.

© 2023 Elsevier B.V. All rights reserved.

1. Introduction

Causality has garnered significant attention in recent years due to its applications in various fields such as decision-
making [1-4], fairness [5,6], and anomaly diagnosis [7,8]. Moreover, it has also served as a source of inspiration for machine
learning studies in open environments [9], given its ability to capture the invariant underlying mechanisms of the physical
world [10,11]. In Pearl’s causality framework [12], an important problem is causal discovery, i.e., learning the causal graph to
represent causal relations among the variables [13-17]. However, identifying all causal relations solely from observational
data is generally infeasible, unless we make some additional assumptions [18-20] or exploit the abundant information in
multiple or dynamic environments [21,22].

In light of the uncertainty of the causal relations, a common practice to reveal them is introducing background knowledge,
which is called BK for short. BK can be attained from experiments or human expertise. When experiments are available,
additional causal relations can be learned from interventional data [23-31]. Also, if certain variables in the causal discovery
task are well-understood by humans, their expertise can be helpful [32]. For example, if we are studying the causal relations
among some variables including sales and prices, the causal relations such as price causes sales can be obtained directly
based on human expertise.
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When BK is available in addition to observational data, a fundamental problem is: what causal relations are identifiable in
the presence of latent variables? It is fundamental for its implication on the maximally identifiable causal knowledge with the
observational data and BK. Its difficulty results from the fact that, in addition to BK itself, some other causal relations can
also be learned when incorporating BK. For example, they can be identified on the basis of some restrictions, such as the
causal relations are acyclic. It is quite challenging to find the complete characterization for such additional causal knowledge
in the presence of latent variables, since it must be proved that there does not exist any unidentified “common causal
relations” among all the causal graphs consistent to the observational data and BK. Unfortunately, the problem remains open.

In this paper, we solve the problem with sound and complete orientation rules when BK is given in a local form. In the
presence of latent variables, a partial ancestral graph (PAG) can be learned by FCI algorithm from observational data [33-35].
PAG can imply the existence of causal relation between any two variables but not necessarily the causal direction. We say BK
is local given a PAG, if when the BK contains the causal information with respect to a variable X, for each variable adjacent
to X in the PAG, the BK implies whether X causes it or not. The local BK is common in real tasks. For example, when
we obtain a PAG P with observational data that has some indeterminate causal relations, a conventional method to reveal
them is to introduce active intervention on some variable X [36,23,25]. In this case, for each edge X o— V in P, we can
determine X <=V or X —V by testing whether P(V|do(X =x)) = P(V). Local BK can be obtained from human expertise
as well. For instance, if a PAG P implies the existence of causal relations between price and sales, number of customers,
and inventory, it is widely recognized among business professionals that price causes sales and the number of customers,
but not inventory. Given a PAG and local BK, we propose a set of orientation rules to determine some causal directions in
the PAG. Under the assumption of absence of selection bias, we prove that the rules are sound and complete, which means
that all the identifiable causal relations given available information are exactly those determined by the proposed rules, thus
closing the problem given local BK.

The establishment of complete orientation rules compatible with local BK inspires two (theoretical) applications. One is
that we propose a method to list all the maximal ancestral graphs (MAG)! consistent to a PAG P. The method is useful in
many real applications, such as identifying possible causal effects in a PAG [37-39] or causal graph sampling [23,40]. It can
also help verifying some PAG-related theoretical results or methods [41-43]. There have been mature methods for efficient
directed acyclic graph listing [44], but it remains unknown for MAGs. A key result we build is the necessary and sufficient
conditions for the existence of MAGs consistent to P with a given local structure, through which we can find all the MAGs
efficiently by determining all the local structure of each vertex recursively.

The other application is that we present the first general active learning framework for identifying an MAG with active
interventions. Bringing active learning into causal discovery has been shown successful for causal DAGs [23,45,46], but ac-
tively discovering MAGs remains untouched due to the lack of complete orientation rules, which are exactly what we present
in this paper. Therefore, our work lays the theoretical foundations for, and propose the first active learning framework for
discovering MAGs. In light of the expensive cost of interventions, we hope to identify an MAG with as fewer interventions
as possible. Hence we present a baseline maximal entropy criterion, equipped with Metropolis-Hastings MAG-sampling, to
select the intervention variable.

Overall, our contributions in this paper are threefold:

(1) We present the sound and complete orientation rules for causal identification given local background knowledge in the
presence of latent confounders.

(2) We propose an efficient method to list MAGs consistent to a PAG.

(3) We give the first active learning framework for causal discovery that is applicable when latent variables exist.

A preliminary version of this work appeared in a conference paper [40]. Compared with the original version, we propose
an additional efficient MAG listing method. We present the necessary and sufficient conditions for the existence of MAGs
consistent to a PAG with a given local structure, through which we can find all the MAGs by determining local structure
recursively. In addition, we improve the Metropolis-Hastings MAG-sampling method in the active learning framework such
that all the sampled MAGs by the method in this paper are valid MAGs. We also conduct more experiments to validate the
effectiveness and efficiency of our method.

Related works. In the literature, Meek [47] established sound and complete rules, generally called Meek rules, for causal
identification given BK under causal sufficiency assumption. The assumption requires that there are no latent variables that
cause more than one observed variable simultaneously. Causal sufficiency is untestable in practice. And it is quite often that
there are latent variables in many real tasks. Jaber et al. [29] investigated the complete algorithm to learn a graph with
solid results when there are additional interventional distribution, where the exact interventional distribution is needed. In
this paper, BK is in the form of local marks. As shown by Jaber et al. [29], Wang and Zhou [30], the learned marks by exact
interventional distribution can be beyond the local marks. Andrews et al. [48] showed that FCI algorithm is complete given
tiered BK, where all variables can be partitioned into disjoint sets with explicit causal order. Tiered BK is totally different
from local BK. We discuss it at the end of Section 3.

1 MAG is generally used to represent causal relations when there are latent variables.
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2. Preliminary

A graph G = (V, E) consists of a set of vertices V= {Vy,---, V,} and a set of edges E. For any subset V' C V, the subgraph
(of G) induced by V' is Gy = (V/, Ey), where Ey is the set of edges in E whose both endpoints are in V'. For a graph G,
V(G) denotes the set of vertices in G. G is a complete graph if there is an edge between any two vertices. The subgraph
induced by an empty set is also a complete graph. G[—V'] denotes the subgraph Gy\y induced by V\V'. Usually, bold letter
(e.g., V) denotes a set of vertices and normal letter (e.g., V) denotes a vertex. A graph is chordal if any cycle of length four
or more has a chord, which is an edge joining two vertices that are not consecutive in the cycle. If G = (V,E) is chordal,
the subgraph of G induced by V' CV is chordal.

A graph G is mixed if the edges in G are either directed — or bi-directed <». The two ends of an edge are called
marks and have two types arrowhead or tail. A graph is a partial mixed graph (PMG) if it contains directed edges, bi-directed
edges, and edges with circles (o). The circle implies that the mark here could be either arrowhead or tail but is indefinite.
Vi is adjacent to Vj in G if there is an edge between V; and V. A path in a graph G is a sequence of distinct vertices
(Vo,---, Vp) such that for 0<i<n—1, V; and V;;1 are adjacent in G. An edge in the form of V; ooV is a circle edge. The
circle component in G is the subgraph consisting of all the o—o edges in G. V; and V; are in a connected circle component
in G if they are connected in the circle component in G. A circle path is a path comprised of only circle edges. A vertex V;
is a parent of a vertex V; if there is V; — V;. A directed path from V; to V; is a path comprised of directed edges pointing
to the direction of V. A possible directed path from V; to V; is a path without an arrowhead at the mark close to V; and
without a tail at the mark close to V; on every edge in the path. V; is an ancestor/possible ancestor of V; if there is a
directed path/possible directed path from V; to Vj or V; =V ;. V; is a descendant/possible descendant of Vj if there is a directed
path/possible directed path from Vj to V; or V; = V;. Denote the set of parent/ancestor/possible ancestor|/descendant/possible
descendant of V; in G by Pa(V;, G)/Anc(V;, G)/PossAn(V;, G)/De(V;, G)[PossDe(V;, G). If V; € Anc(Vj, G) and V; < V;[V; <
Vj, it forms a directed cycle/almost directed cycle.  is a wildcard that denotes any of the marks (arrowhead, tail, and circle).
We make a convention that when we say an edge is in the form of o—, the % here cannot be a tail since in this case the
circle can be replaced by an arrowhead due to the assumption of no selection bias. Denote the set of vertices adjacent to
Vi in G by Adj(V;, G). Consider a graph G comprised of only circle edges, a vertex V; in G is called simplicial if Adj(V;, G)
induces a complete subgraph of G, and a perfect elimination order of G is an ordering o = (V1,..., V) of its vertices such
that each vertex V; is a simplicial vertex in the induced subgraph Gy,... v,)-

A non-endpoint V; is a collider on a path p if p contains #— V; <. A path p from V; to V; is a collider path if p =
(Vi, Vj) or all the non-endpoints are colliders. p is a minimal path if there are no edges between any two non-consecutive
vertices. A path p from V; to V; is a minimal collider path if p is a collider path and there is not a proper subset V' of the
vertices in p such that there is a collider path from V; to V; comprised of V'. A triple (V;, V;, Vi) on a path is unshielded
if V; and V) are not adjacent. p is an uncovered path if every consecutive triple on p is unshielded. p is a minimal possible
directed path if p is minimal and possible directed. p is a minimal circle path if p is minimal and a circle path.

A mixed graph is an ancestral graph if there is no directed or almost directed cycle (since we assume no selection bias,
there are no undirected edges). An ancestral graph is a maximal ancestral graph (MAG, denoted by M ) if it is maximal, i.e., for
any two non-adjacent vertices, there is a set of vertices that m-separates them [33]. A path p from X to Y in an ancestral
graph G is an inducing path if every non-endpoint vertex on p is a collider and meanwhile an ancestor of either X or Y. An
ancestral graph is maximal if and only if there is no inducing path between any two non-adjacent vertices.

In an MAG, a path p=(X,---,W,V,Y) is a discriminating path for V if (1) X and Y are not adjacent, and (2) every
vertex between X and V on the path is a collider on p and a parent of Y. Two MAGs are Markov equivalent if they share
the same m-separations. A class comprised of all Markov equivalent MAGs is a Markov equivalence class (MEC). We use a
partial ancestral graph (PAG, denoted by P) to denote an MEC, where a tail/arrowhead occurs if the corresponding mark is
tail/arrowhead for all Markov equivalent MAGs, and a circle occurs otherwise.

For a PMG M that is obtained from a PAG P by orienting some circles to either arrowheads or tails, an MAG M is
consistent to the PMG M (with respect to P) if (1) the non-circle marks in M are also in M, and (2) M is in the MEC
represented by P. Note the PAG P is needed in the second condition above. We omit P and just say M consistent to M
for brevity because in the whole paper a PAG P is given throughout. An MAG M is consistent to the BK if M is with the
orientations represented by the BK.

3. Sound and complete rules

In this section, we present the sound and complete orientation rules to orient a PAG P with local BK, where P can be
obtained by, for example, applying the FCI algorithm with observational data [13,35]. Denote V(P) = {Vq, V3, ---, V4}. We
present the definition of local BK in Definition 1.

Definition 1 (local BK). Given a PAG P and BK, a circle in P is accessible if the BK can directly indicate an arrowhead or tail
here. BK is local if there exists V C V(P) such that for any vertex V €V, all the circles at V in P are accessible and for any
V e V(P)\V, no circle at V is accessible.



T-Z. Wang, T. Qin and Z.-H. Zhou Artificial Intelligence 322 (2023) 103964

In this section, we make a convention that the term BK refers to local BK in Definition 1. We assume the absence
of selection bias® and the correctness of BK. The correctness indicates that there exists an MAG consistent to 7 and the
BK. Without loss of generality, we suppose the local BK is regarding Vi, V;,---, Vi, 1 <k <d. That is, for any vertex
X e{Vq,Vy, .-, Vy}, all the marks at X are known according to the local BK; and for any vertex X € {Vj41,---, Vq}, the
local BK does not directly imply any marks at X. All the proofs for the results in this section are presented in Section 3.2.

3.1. Our results

First, we show the orientation rules to incorporate local BK into a PAG that has been learned with observational data.
They are proposed with one replacement’ and one addition based on the rules of Zhang [35] for learning a PAG. We do not
list all of them here but only the replaced and additional ones. See Appendix A for the rules proposed by Zhang [35].

R, If (K,---, A, B,R) is a discriminating path between K and R for B, and B o— R, then orient B o— R as B — R.
Ri1: If A—oB, then A— B.

We present Proposition 1 to imply the soundness of R/ to orient a PAG P or a PMG obtained from P with local BK
incorporated. R11 is immediate from no selection bias assumption. In this paper, we make a convention that when we say
the orientation rules, they refer to R1 — R3, Rg — Rio* of Zhang [35] and R, R11. A PMG is closed under the orientation
rules if the PMG cannot be oriented further by the orientation rules.

Proposition 1. Given a PAG P, for any PMG M that is obtained from P with part of local BK incorporated (or Ml = P), R/, is sound
to orient M.

Next, we will prove the completeness of the proposed orientation rules. It is somewhat complicated. We first give a
roadmap for the proof idea. There are mainly two parts. The first is that we present a complete algorithm to orient P with
the local BK regarding V1, Va,---, V. The second part is to prove that the complete algorithm orients the same marks as
the proposed orientation rules. Combining these two parts, we conclude that the orientation rules are sound and complete
to orient a PAG with local BK. The construction of the algorithm along with the proof of the algorithm completeness in
the first step is the most difficult part. In this part, we divide the whole process of orienting a PAG with BK regarding
V1,Va,---, Vy into k steps. Beginning from the PAG P (P is also denoted by M), in the (i +1)-th (0 <i <k — 1) step
we obtain a PMG M ; from M; by incorporating BK(V;y1) and orienting some other circles further, where BK(V;;1)
denotes all the marks at V;;1 indicated by BK. To obtain the updated graph in each step, we propose an algorithm orienting
a PMG with local BK regarding one variable. Repeat this process of incorporating BK(V1), BK(V3), ..., BK(V}) sequentially,
we obtain the PMG with incorporated BK regarding V1, ---, V. We will prove that the k-step algorithm to orient PAG with
local BK regarding Vq,---, V) is complete, by an induction step that if the first i-step algorithm is complete to update
the PAG P with BK regarding Vi,---,V;, then the (i + 1)-step algorithm is complete to update P with BK regarding
V1,--+, Vit1. Hence the proof in the first part completes.

We present Algorithm 1 to obtain M, from M} by incorporating BK(Viy1). For brevity, we denote Vi 1 by X, and
introduce a set of vertices C(X) ={V € V(P) | V+> X € BK(X)} to denote the vertices whose edges with X will be oriented
to ones with arrowheads at X according to BK(X). For simplicity, and considering that the variable which the local BK
is regarding will always be specified in the following, we will use C to represent C(X) hereafter. It is direct that C can
represent the local BK regarding X. In M1, there is X <%V for V € C and X —«V for V € {V € V(P) | V %o X in M;}\C
according to BK(X). Since some marks of X are incorporated as local BK regarding X, we can orient some edges further.

In the first step of Algorithm 1, the orientation of the marks at X follows BK(X), and the orientation of the vertices
apart of X is motivated as the necessary condition for the ancestral property. Speaking roughly, we orient K <=T in the
first step for otherwise no matter how we orient the other circles, there will be a directed or almost directed cycle if
there is K — T, unless we introduce new unshielded colliders which take new conditional independence relative to P,
both of which are evidently invalid to obtain an MAG in the MEC represented by P. Since some additional arrowheads are
introduced in the first step, they can lead to some other circles identification. To characterize them, we define ]-"1,\’41" ={Ve
CU{X}|V %o V; in M} for any V; € PossDe(X, M[;[—C])\{X}, which is denoted by Fv, for short. Fy, denotes the vertices
in CU {X} whose edges with V; are oriented to ones with arrowheads at V; in the first step. The orientation in the second
step is motivated as the necessary condition for that there are no new unshielded colliders in the oriented graph relative to
P. The third step orients some other circles based on the updated structure.

2 In general, MAG can contain undirected edges in the case of selection bias. Since in this paper we assume the absence of such bias, the term MAG only
refers to directed MAG, which does not contain undirected edges.

3 R4 is necessary for learning a PAG with observational data. We replace R4 with ‘R, when we incorporate local BK after we have learned a PAG.

4 Rs — R are not considered as they are not triggered in the absence of selection bias.
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(a) PMG M; (b) After Step 1 (c) After Step 2 (d) After Step 3

Fig. 1. An example to demonstrate the implementation of each step of Algorithm 1. Fig. 1(a) depicts a PMG M. Suppose the local BK is in the form of
Vi <xVa, Vi %Vs5, V1 «Vy4. The Fig. 1(b)/ 1(c)/ 1(d) displays the graph obtained after the first/second/third step of Algorithm 1. The edges oriented by each
step are denoted by red dashed lines. (For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

Algorithm 1 Update a PMG with local BK of X represented by C.

input: A PMG M, BK(X) represented by C

1: For any K € PossDe(X, M[;[—C]) and any T € C such that K o T in M, orient K <*T (the mark at T remains); for all K € PossDe(X, M[;[—C]) such
that X o= K, orient X — K

2: Orient the subgraph M;[PossDe(X, M[;[—C])\{X}] as follows until no feasible updates: for any two vertices V; and V; such that V, oo V;, orient it as
Vi — Vj if (i) Fv\Fv; # ¢ or (ii) Fv, = Fv; as well as there is a vertex Vy,; € PossDe(X, M[;[—C])\{X} not adjacent to V; such that Vi — Voo V;

3: Apply the orientation rules until the graph is closed under the orientation rules.

output: Updated graph Mq

Example 1. Consider the example in Fig. 1. Suppose the input PMG M in Algorithm 1 is the graph in Fig. 1(a). And there is
local BK regarding X = V7 in the form of Vi <%V, Vi V5, V1 —=V4. Hence C = {V>}. In this case, PossDe(X, M;[—-C]) =
PossDe(V1, Mj[—V2]) ={V1, V3, V4, V5}. And Fy, ={V3}, Fv, =0, Fvs ={V1, V2}. We will first illustrate the implemen-
tation of each step of Algorithm 1, then discuss the reasons behind these orientations. When implementing Algorithm 1,
in the first step, the edges denoted by red dashed lines in Fig. 1(b) are oriented. V; <oV;,/Vy — V5/Vy — V4 is ori-
ented due to V1 =X,V €C, {V4,V5} C{V eV(P) |V %o X in M;}\C. Va0 V5/Vy0—> V3 is oriented due to V, € C and
V3, V5 € PossDe(X, M;[—C]). In the second step of Algorithm 1, the edge denoted by red dashed line in Fig. 1(c) is oriented
due to (1) a circle edge V3 o— V5 after the first step, where V3, V5 € PossDe(X, M[;[—C]); (2) Fy, ={V2} C{V1, V2} = Fys.
In the third step of Algorithm 1, the edges denoted by red dashed lines in Fig. 1(d) are oriented by R;.

We next briefly discuss the reasons behind the orientations in the first two steps of Algorithm 1. The explanations are
not strictly chronological. It is direct that V1 <oV3/V{ — V5/V{ — V4 is oriented in the first step according to the local BK
and R1i. In this case, as there is Vi € Fy,\Fv,, if V3s> Vs, they form an additional unshielded collider with Fy,\Fv,,
ie, Vi — V5 «=%Vs3, which is not allowed. Hence there can only be V5 — V3, which is oriented in the second step of
Algorithm 1. The orientation Vyo— V5/Va0—> V3 follows the ancestral property. We take Vo~ V3 for an example. If there
is Vo < V3, there is Vyo»> V1 — V5 — V3 — V;, which violates the ancestral property.

Then, we present the key induction result in Theorem 1 for the graph obtained by Algorithm 1 in each step. Based on
Theorem 1, we conclude the completeness of the k-step algorithm to orient the PAG with the local BK regarding V1,..., Vi
in Corollary 1.

Theorem 1. Given a positive integer i, for any s € {0, 1, ..., i}, we iteratively obtain M1 from M by incorporating BK (V1) with
Algorithm 1 (Mg = P). Suppose M5, Vs € {0, 1, ..., i}, satisfies the five following properties:

(Closed) M is closed under the orientation rules.

(Invariant) The arrowheads and tails in M are invariant in all the MAGs consistent to P and BK regarding V1, ..., Vs.
(Chordal) The circle component in M is chordal.

(Balanced) For any three vertices A, B, C in M, if A%~ B o— C, then there is an edge between A and C with an arrowhead at C,
namely, A~ C. Furthermore, if the edge between A and B is A — B, then the edge between A and C is either A — C or Ac—~> C
(ie, itis not A < C).

(Complete) For each circle at vertex A on any edge A o— B in M, there exist MAGs M1 and M, consistent to P and BK regarding
Vi,...,Vswith A <*B € E(M;) and A — B € E(M3).

Then the PMG M ;1 also satisfies the five properties.

Corollary 1. The k-step algorithm from Mo(= P) to My, is sound and complete. That is, the non-circle marks in M, are invariant in
all the MAGs consistent to P and BK regarding V1, ..., Vy. And for each circle in My, there exist both an MAG with an arrowhead and
an MAG with a tail here that are consistent to P and BK regarding V1, ..., Vy.

Till now, we have proved the completeness of the k-step algorithm based on Algorithm 1 to orient a PAG with local
BK. Finally, we present Theorem 2 to show the completeness of the orientation rules, by proving that the orientation rules
orient the same marks as the complete k-step algorithm.
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| o—o V; o—oV3 Vl «—o0 V5 o—oV3 V1 DU > VS 777777777 >V, Vl o—o]\l5 _>’\73
Vv, Vv, \' \'
(a) PAG P(:MO) (b) Ml (C) M2 (d) Mtiered

Fig. 2. Fig. 2(a) depicts a PAG P, with BK(Vy) in the form of Vi «%V;, Vi <xVs5, V1 =V4 and BK(V3) in the form of V, <%V, Vy V3, Vy =Vs.
Fig. 2(b)/Fig. 2(c) depicts the PMG obtained from /M by incorporating BK(V1)/BK(V3), where the circle component is denoted by shaded area and
the edges oriented by the orientation rules are denoted by red dashed lines. Fig. 2(d) depicts the obtained graph from P by incorporating the tiered BK
partitioning the whole variables into two subsets T1 and T, denoted by shaded area, and with an order where T; precedes T».

Theorem 2. The orientation rules are sound and complete to orient a PAG with the local background knowledge regarding V1, ..., V.

Example 2. We give an example to illustrate the k-step algorithm based on Algorithm 1 in Fig. 2. Suppose we obtain a PAG
as Fig. 2(a) with observational data and have the local BK regarding V1, V,. We divide the whole process of obtaining a
PMG from P with the local BK into obtaining M; from P with BK (V) by Algorithm 1 and then obtaining M, from M
with BK(V3) by Algorithm 1. M[; and M, are shown in Fig. 2(b) and 2(c), respectively. It is not hard to verify that all of
P, My, M satisfy the closed, chordal, and balanced properties defined in Theorem 1. Note if we do not consider R/, the
edge colored red in Fig. 2(b) cannot be oriented.

Discussion Finally, we present a detailed discussion about the difference between local and tiered BK proposed by Andrews
et al. [48]. BK is tiered if the variables can be partitioned into two or more mutually exclusive and exhaustive subsets among
which there is a known causal order. Local BK and tiered BK focus on totally different aspects of graphs. Roughly speaking,
local BK introduces the fully structural information of some specific variables, while tiered BK introduces the information
about the rough causal order of the whole variables. Fig. 2(d) shows an example of tiered BK incorporated to the PAG in
Fig. 2(a), which partitions the whole variables V1, ---, V5 into two subsets T1 ={V1, V3, V5} and Ty = {V3, V4}. The tiered
BK implies that for any two vertices A € Ty and B € T, there is A — B if A is adjacent to B. Andrews et al. [48] proved that
FCI algorithm is complete to incorporate tiered BK into a PAG. Thus the edge V3 — V4 can be identified additionally and
the obtained graph is the most informative. In this example, the BK is not local since it just implies the transformation of a
part of circles at V1. Hence tiered BK is not necessarily local. The converse is not true as well. In a PAG shown in Fig. 2(a),
BK (V1) is local but not tiered.

3.2. Proofs for Section 3.1

3.2.1. Proof of Proposition 1
Lemma 1. If there exists a minimal collider path in an MAG M consistent to a PAG P, then it is also a collider path in P.

Proof. Suppose a minimal collider path p in M, we consider its corresponding path in P. If there exists a circle or tail at
the non-endpoint vertex on this path, according to the completeness of FCI [35], there exists an MAG Markov equivalent
to M that has a tail there, which contradicts Theorem 2.1 of Zhao et al. [49] that Markov equivalent MAGs have the same
minimal collider paths. Hence the corresponding path of p in P is also a collider path. O

Proof of Proposition 1. Suppose there is a discriminating path (K, ..., A, B, R) between K and R for B, and Bo=R in a PMG
M such that there exists an MAG M consistent to M. According to the definition of discriminating path and the soundness
of Ry, there is Bo— R. Suppose the violation of R/, that is, in M there is B <> R. Since there is A — R, the edge between
A and B can only be A <> B due to the ancestral property. Hence, there is a collider path p: K% --- < A <> B <> R. If this
collider path is minimal, then according to Lemma 1 the collider path is identifiable in 7, thus there is A <> B <R in M,
contradiction. If p is not a minimal collider path from K to R, there is a subpath p; that is a minimal collider path from K
to R. Note (1) for any non-endpoint V in the subpath from K to B of p, there is V — R; (2) K is not adjacent to R. Hence
the only vertex that can be adjacent to R in pj is B. Hence the minimal path is as (K, ..., B, R). According to Lemma 1,
B <R is identifiable in P, thus B <=«R in M, contradiction. We conclude the impossibility of the violation of R}. O

3.2.2. Proof of Theorem 1
Since the proof of Theorem 1 is complicated, we just show a proof sketch here. A detailed version is given in Appendix B.

Proof sketch of Theorem 1. For brevity, we denote V; 1 by X. (A) The closed property follows the third step of Algo-
rithm 1.(B) The invariant property holds because all the orientations in Algorithm 1 either follow BK(X) or are motivated

6
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as the necessary condition for the ancestral property and the fact that there cannot be new unshielded colliders introduced
relative to M;. (C) The chordal property is proved based on the fact presented by Lemma 13 that only the first two steps
of Algorithm 1 possibly introduce new arrowheads, while the third step will only transform the edges as Ac—> B to A — B.
With this fact, it suffices to prove that the circle component in the graph obtained after the first two steps is chordal.
Denote the graph after the first two steps by M;. We can prove that the circle components in M 1 [PossDe(X, M;[—C])]
and in M, 1[—PossDe(X, M[;[—C])] are chordal, respectively. Since there are no circle edges connecting PossDe(X, M;[—C])
and V\PossDe(X, M;[—C]) (otherwise, it will have been oriented in the first step of Algorithm 1), we conclude the desired
result. (D) The balanced property of M, is proved based on three facts that (1) in Algorithm 1, if we transform a circle
to arrowhead at V, then V € PossDe(X, M;[—C]); (2) if there is A € PossDe(X, M;[—C]) and A o— B, B ¢ C, in M;;1, then
B € PossDe(X, MI;[—C]); (3) M satisfies the balanced property. We can prove that it is impossible that there is a sub-
structure Vs Vj o— V} where V; is not adjacent to Vj or there is V;*—o Vi in M1 by discussing whether V;, V;, Vy
belongs to PossDe(X, Ml;[—C]). (E) The completeness property is proved by showing two results: (1) for all the edges in the
form of Ao—o B and Co— D in Mj;1, Co— D can be transformed to C — D and A o—o B can be oriented as both A — B and
A < B in the MAGs consistent to P and local BK regarding V1, ---, Viy1; (2) in M, each edge Co> D can be oriented
as C < D in an MAG consistent to P and local BK regarding V1, ---, Vi;1. In this part, the most difficult part is to prove
the first result, with which the second result can be proved directly following the proof process of Thm. 3 of Zhang [35]. In
the proof for the first result, we show that any graph obtained from M, by transforming the edges as Co> D to C — D
and the circle component into a DAG without new unshielded colliders is an MAG consistent to P and local BK regarding

V1,..., Vizq. If not, we can always find a graph obtained from M; by transforming the edges as Co—> D to C — D and the
circle component into a DAG without new unshielded colliders that is not an MAG consistent to P and local BK regarding
V1, ..., V. By induction, a graph obtained from P by transforming the edges as Co—~ D to C — D and the circle component

into a DAG without new unshielded colliders is not an MAG consistent to P, contradiction with Thm. 2 of Zhang [35]. O
3.2.3. Proof of Corollary 1

Proof. Previous studies [34,35] showed that the last four properties in Theorem 1 are fulfilled for PAG, the case in R}, will
never happen in P because such circles have been oriented by R4 in the process of learning P, and the case in Rqq is
never triggered as no orientation rules of Zhang [35] can lead to such a structure. Hence P satisfies the five properties.
With the induction step implied by Theorem 1, we directly conclude that M satisfies the five properties, thereby satisfying
the invariant and complete property. O

3.2.4. Proof of Theorem 2

Proof. The soundness of R}, is shown by Proposition 1. The soundness of other rules immediately follows Thm. 4.1 of Ali
et al. [34] and Thm. 1 of Zhang [35]. We do not show the details. The main part is to prove the completeness.

According to Corollary 1, it suffices to prove that in each step of Algorithm 1, the orientations in Algorithm 1 either
follow BK(X) directly, or can be achieved by the orientation rules. The second step of Algorithm 1 can be achieved by R4,
because no matter ]"v,\]:vj #@ or Vi — Vjo—o Vj, there is F € ]"v,\]"vj or F =V such that Fs— V;o—o V; where F
is not adjacent to V;. The orientation in the third step naturally follows the orientation rules. In the first step, X <V for
V e C is represented by BK(X), and X — V for V € {V € V(P) | X o— V}\C is obtained from X —«V represented by BK(X)
and R11. The only remaining part is to prove for K € PossDe(X, M[;[-C])\{X} and T € C, if there is K o— T in M;, K «<xT
can be oriented by the orientation rules when we incorporate BK(X).

Due to K € PossDe(X, M;[—C])\{X}, there is a possible directed path from X to K that does not go through C. According
to Lemma 2, there is a minimal possible directed path p = (X(= Fo), F1, ..., K(= F;)),t > 1 where each vertex does not
belong to C in M. According to Rq and R11, there is always X — F; — --- — F; by the orientation rules after incorporating
BK(X).If t =1, there is T+> X — K, thus K «<T can be oriented by R,. Next, we consider the case when t > 2.

We first prove that for any F,, € Fy, ..., Ft,t > 2, Fy, is adjacent to T, and there is not F,, — T in M. Suppose F, is
not adjacent to T, there must be a sub-structure of M[; induced by Fp—s, Fm—s+1,..., Fmt1, T, 1 <s<m,1 <1<t —m, such
that T is only adjacent to Fp—s and Fp,4 in this sub-structure. There are at least four vertices in this sub-structure. Hence
there must be an unshielded collider (denoted by UC for short) in this sub-structure in 7, otherwise no matter how we
orient the circle there is either a new UC relative to P or a directed or almost directed cycle. Since p is possibly directed,
the UC is at either (i) Fpy4 or (ii) T (ie., %> Fpy( or T) <=). (i) If there is a UC at Fpy4y, Ts—> Fpyy <*Fp4—q is identified
in P. Thus Fpy4y — Fpyygeq - - — F; is identified in P. Due to the completeness of FCI algorithm to learn P, there is K «<T
in P, because there is not an MAG with K — T which contains an (almost) directed cycle Fy4 — -+ — Fr — T#> Fpyy.
Hence K «T is in M, contradicting with K o—« T in M. (ii) If there is a UC at T. Fp_g#> T <xFp is identified in P.
Since p is possibly directed, Fp;—1 is not adjacent to T, and there is not a UC at Fp,4; in the sub-structure, there cannot be
Fmy <> T in P. Hence the path (Fyu—s, Fm—s+1, ..., Fmy, T) in P is a possible directed path, F—s — T is identified in P
(otherwise Rg applies). In this case there is Fp,_s € PossDe(X, M;[—C]) N Pa(C, M;), which contradicts with Lemma 10 in
Appendix B. Hence there is always a contradiction if there is some F;; not adjacent to T. The fact that there is not F, — T
also directly follows Lemma 10.
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Finally, since Fq is adjacent to T, and T#—> X — F; is oriented according to BK(X), according to R, there is always
T+ Fq after incorporating the local BK with the orientation rules. Consider T+ F; — F», there is also T~ F, oriented.
We can prove by induction that Ts— F:(= K) can be oriented by orientation rules. O

4. Application 1: MAG listing

In this section, based on the theoretical result for the complete causal identification given local BK, we propose a method
to list all the MAGs consistent to a given PAG P. Suppose V(P) = {V1, V3, ---, V4}. All the proofs for the results in this
section are presented in Section 4.2.

4.1. Proposed method

The idea of our method is to transform the circles of each vertex in P recursively. In each step, we determine all the
valid local transformations of one vertex with circles, where a local transformation denotes a kind of transformation of all the
circles at this vertex, and a local transformation is said to be valid if there exists an MAG consistent to P that has the
non-circle marks in the graph obtained by the local transformation. For any valid local transformation, it is incorporated as
a local BK to the partial graph with the complete orientation rules. We recursively execute local transformations of each
vertex with circles until all the circles are transformed (to non-circles).

The most crucial part in our method is to determine all the valid local transformation of a vertex. This problem is
challenging, because it is unknown under what conditions of the local transformations there exist MAGs consistent to P
that can be obtained by the local transformations, and it is even unclear whether there is such a condition. In fact, it is
strongly related to the complete causal identification result in Section 3, especially Algorithm 1 which orients a PMG with
local BK. Both local BK and local transformation directly implies and only directly implies all the marks of one vertex. The
difference is, when we incorporate local BK in Section 3, Algorithm 1 can always be executed due to the soundness of
Algorithm 1 and the correct BK assumption which ensures that there exist MAGs consistent to 7 and BK. Here, however,
since it is unknown whether a local transformation is valid, it is possible that we generate (almost) directed cycles or new
unshielded colliders when we incorporate the local transformation by Algorithm 1, which implies the invalidity of the local
transformation. Hence, for a given local transformation, if it is valid, then there should not be (almost) directed cycles or
new unshielded colliders generated by Algorithm 1. On the other hand, if for a local transformation we do not generate
(almost) directed cycles or new unshielded colliders by Algorithm 1, then the graph obtained by Algorithm 1 fulfills the five
properties in Theorem 1 (with some necessary modifications), thus an MAG with the local transformation consistent to P
can be obtained by the similar procedure in Lemma 16.1 in Appendix B. Based on this idea, we build the necessary and
sufficient conditions for the existence of MAGs with each local transformation in Theorem 3, which can be determined in
O(d?). Before showing it, we introduce a graphical characterization, bridged, in Definition 2 for the feasibility of Step 2 of
Algorithm 1 for the local transformation represented by C. An illustration for introducing bridged is detailed in Example 3.

Definition 2 (Bridged relative to V' in H). Let H be a partial mixed graph. Denote G a subgraph of H induced by a set of
vertices V. Given a set of vertices V' in H that is disjoint of V, two vertices A and B in the circle component of G are bridged
relative to V' if in each minimal circle path A(= Vg) o Vi 0o+ 0—0 V, 0—0 B(= V41) from A to B in G, there exists one
vertex Vs, 0 <s<n-+1, such that Fy;, € Fv,,,,0<i<s—1and Fy,, C Fy;,s<i=<n, where F; ={V eV |V soV;in H}.
Evidently, both case A =B and case that A and B are not connected in the circle component are the trivial cases when A
and B in G are bridged relative to V'. Further, G is bridged relative to V' in H if any two vertices in the circle component of
G are bridged relative to V'.

Remark 1. Fy; € Fy,,, in Definition 2 can be seen as that vertex Vi, is at a higher or the same altitude than V;. Hence
“bridged” describes that the path is like a bridge in reality, which goes up then down. Note that it is also valid if the bridge
goes towards only one direction.

Example 3. When we try to orient a PMG with a local transformation by Algorithm 1, bridged is introduced as a graphical
characterization to describe that no new unshielded colliders will be introduced in the second step when some necessary
arrowheads are introduced in the first step. See Fig. 3 for examples. Fig. 3(a) depicts a PAG P. If the local transformation
of X is represented by C = {V;}, Vio— V3 is oriented in the first step of Algorithm 1, for otherwise there is a (almost)
directed cycle Vio—> X — V3 — V4. The arrowhead at V, on Vio— V; is introduced in the first step. The second step
of Algorithm 1 will orient V, — V3 — V4 as Fig. 3(b), which does not introduce new unshielded colliders. According
to Definition 2, P[V,, V3, V4] is bridged relative to {X, V1}, as for any circle path, such as V; o—o V3 o—o V4, there is
Fv, ={X, V1}, Fv, = Fv, = {X}, which follows that Fy, D Fy,; = Fy, and thus the circle path is bridged. If we consider
the local transformation represented by C = {Vq, V4}, Vio—> V, and V3 «oV4 are introduced in the first step. There is
always a new unshielded collider at V, or V3 no matter how we transform V, o—o V3 as Fig. 3(c). In this case, P[V3, V3]
is not bridged relative to {X, V1, V4}, since V, and V3 are not bridged due to the minimal circle path V, o—o V3, where
Fv, ={X, V1}, Fy; = {X, Va}.
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Fig. 3. (a)-(c): graphs considered in Example 3. (d): a graph where the first two conditions of Theorem 3 hold but the third one does not.

Algorithm 2 MAGLIST.
input: A PAG P

1: §=0¢ /| Record all the MAGs consistent to P

2: ORIENTGRAPH(P, S)

3: function ORIENTGRAPH(M, S)

4 if there are no circles in M then
5 S <« Su{M}
6: else
7.
8
9

Select a variable X where there is a circle in M
R={VeVM)|XoxV in M}
for each set CCR do

10: if the three condition in Theorem 3 are fulfilled then

11: Update M with the local transformation represented by C and apply orientation rules
12: ORIENTGRAPH(M], S)

13: end if

14: end for

15: end if

16: end function

output: S

Theorem 3. Denote M the obtained graph after some valid local transformations® from a PAG P with the orientation rules, and X a
variable with circles in ML Given a set C C {V | X o— V in M}, there exists an MAG M consistent to Ml with X <«V for VV € C and
X =V forVV € {V | X o= V in MI}\C if and only if

(1) PossDe(X, M[[—C]) N Pa(C, M) = ¢
(2) the subgraph MI[C] of Ml induced by C is a complete graph;
(3) M[PossDe(X, M[—C])\{X}] is bridged relative to CU {X} in M.

Remark 2. The third condition in Theorem 3 does not necessarily hold even if the first two conditions are fulfilled. See a
PMG M shown in Fig. 3(d) for an example. When the local transformation is represented by C = {V;, V5}, the first two
conditions are fulfilled. However, in this case PossDe(X, M[[—C))\{X} = {V3, V4}, and M[V3, V4] is not bridged relative to
{Va, Vs, X} in M since V3 and V4 are not bridged relative to {V5, V5, X} in M.

Remark 3. The first two conditions of Theorem 3 can be determined in O(d?). In implementation, the determination of the
third condition of Theorem 3 is equivalent to the determination of whether new unshielded colliders are introduced or an
edge | o—o K is oriented as both | — K and | < K in the second step of Algorithm 1. The equivalence is detailed in the
proof of Theorem 3. This process can also be finished in O(d?).

With Theorem 3, for a given local transformation of X represented by C, we can determine whether an MAG consistent to
‘P can be obtained in the follow up transformations after this transformation. By enumerating all the local transformations
of X, we can determine all the valid ones. Based on the result, the recursive algorithm to list all MAGs consistent to P by
transforming the circles of each vertex is shown in Algorithm 2. We present Corollary 2 to imply the validity of the method.

Corollary 2. Algorithm 2 is valid to list all the MAGs consistent to P.

In the current, it is hard to give a theoretical analysis of the complexity. It is still an open problem how many MAGs are
consistent to P, even for the worst case when the PAG is a complete graph. To the best of our knowledge, the related studies
are limited in the setting absence of latent variables [36,50-52,46,53,54]. When there are latent variables, the presence of
bi-directed edges makes it difficult to topologically order the vertices as DAGs, thus the traditional analysis methods fail.
We leave it for future works. Instead, we conduct an intuitive analysis, followed by empirical validation in Section 4.3.

The main advantage of our method is that, we execute a local transformation if and only if an MAG consistent to P
can be obtained after some further circles transformation, which saves a large amount of computation on the invalid MAGs

5 The local transformations could be null, in which case M = P.
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Fig. 4. A realization process of Algorithm 2. The graphs in the second/third/fourth layer are obtained from the previous layer by transforming the circles of
A[D|C.
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Fig. 5. The proof procedure of Lemma 16.1.

which are not MAGs or are not consistent to P. The space of invalid MAGs grows super-exponentially with respect to the
vertices number d, the enumeration of which costs the main computing time. In our method, with an additional O(d3) cost
for the determination of Theorem 3, we circumvent the computation on invalid MAGs. Roughly speaking, the completeness
of the orientation rules and invalid-MAG-free search ensure that the search in our method is necessary. In addition, our
method separates the MAG space into disjoint sets by transforming local circles into distinct marks. Hence, our method can
be executed in parallel; and for each MAG consistent to 7, our method only obtain it for only once.

Example 4. A search tree for Algorithm 2 is shown in Fig. 4. The top root node denotes the given PAG P. Each node in the
search tree is expanded from its parent in the previous layer by additionally transforming the circles of a selected variable
and applying orientation rules. The graph shaded with yellow is a leaf node that depicts a valid MAG. For example, the first
four graphs in the third layer are obtained from a common parent node by transforming the circles of variable D. We omit
some branches of the search tree (those unshaded but unexpanded) for brevity.

4.2. Proofs for Section 4.1

4.2.1. Proof of Theorem 3

Proof. We first prove the “if” statement. We prove the result by presenting a procedure that always constructs an MAG with
the local transformation represented by C if the given conditions are satisfied. The generating process totally follows that
in the proof of Lemma 16.1 in Appendix B. See Fig. 5 for the proof procedure of Lemma 16.1. The only difference is that in
the proof of Lemma 16.1, there is a basic assumption that the BK is correct, i.e., there exists an MAG consistent to P and
BK, which is used in the proof of Lemma 9, Lemma 10, Lemma 11, and Lemma 12. However, here we do not have such an
assumption, with the three conditions in Theorem 3 instead. Hence, it suffices to show that Lemma 9, Lemma 10, Lemma 11,
and Lemma 12 also hold given the three conditions. Lemma 9 and Lemma 10 directly follow the second and the first
conditions in Theorem 3, respectively. Next we prove that Lemma 11 and Lemma 12 hold given the third condition (bridged)
without the assumption that the local BK is correct. Note that the PMG M obtained after some valid local transformations
from P with the proposed orientation rules fulfill the five properties according to Theorem 1, because the valid local
transformation ensures that there exists an MAG with the local transformations consistent to P, which is equivalent to local
BK assumption in implications. Hence Lemma 3, 7 and 8 also hold for M.

10
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Lemma 11: there is not an edge oriented as both | <— K and | — K in the second step of Algorithm 1 For simplicity, denote
M[PossDe(X, M[—-C])\{X}] by Ml;. According to Definition 2, there is F; C Fi or Fx € F;. We only present the proof for
the case Fj = Fx. The proof for the case F; # Fy is similar by deriving a contradiction through finding a minimal circle
path such that the two endpoints are not bridged, thus we leave them for readers.

By Lemma 8, if we orient | — K in the second step, there is a minimal circle path VgooVioo---Vy_1(= J)oo V(= K)
where Fy, D Fy, =--- = Fy,,. If we also orient | < K in the second step, there is another minimal circle path Vp_1(=
J)o—o V(= K) o—o---0o—0 Vy,n > m in My where Fy, , = Fy,, =---= Fy,_, C Fn. Note Vpy1 is adjacent to V,; but
not adjacent to V1, while Vp,_, is adjacent to V;,—1 but not adjacent to Vy,;, hence V2, Vin—1, Vin, V41 are distinct
vertices. According to Lemma 3, there cannot be non-circle edge between the variables in the circle path. Also note no circle
edges in Ml; are oriented in the first step. Hence the circle component in M; after the first step is still chordal. Hence
VgooVjoo---00Vy is also a minimal circle path, otherwise there is a circle cycle whose length is larger than 3 without a
chord because this cycle must contain Vi;—2, Vin—1, Vin, Vinr1 where V5 is not adjacent to V,;, and Vy;—1 is not adjacent
to V1. Since Vo, ---, V, € PossDe(X, M[[-C])\{X}, Vo and V, are not bridged relative to C, contradicting with the third
condition of Theorem 3.

Lemma 12: In the second step of Algorithm 1 when the local transformation of X represented by C is introduced, there is not a new un-
shielded collider generated Suppose there is a new unshielded collider A — B < C generated in the second step. According

to Lemma 8 there is a minimal path F{ - ---,— Fn(= A) — B,m > 2 and a minimal path V{ — ---V,(=C) > B,n>2
such that Fp, D Ff, =---=Fp and Fy, 2 Fy, =---=Fp. A and C are evidently different vertices that are not ad-
jacent. In this case there is a circle path p: F; o—o -+ 0—0 Fyy(= A) o—0 B o—0 V(= C) o—0 --- 0—o V1 in M such that
Fr, DFf, =+--=Fp="---=Fy, C Fy,. According to Lemma 3, there are no non-circle edges between the variables in p.

In this case, there is always a minimal circle path from F; to V7 such that F; and V are not bridged relative to CU {X} in
M, contradiction.

Then we prove the “only if” statement We prove it by reduction to absurdity. Suppose an MAG M consistent to M has the
local structure of X represented by C.

If MI[C] is not complete, there are new unshielded colliders in M relative to M. It is evident that M is not consistent
to M, contradiction.

If PossDe(X, M[[—C]) N Pa(C, M) # @, suppose V — T where V € PossDe(X, M[—C]) and T € C. By Lemma 4, V €
De(X, M), thus T € De(X, M). According to the definition of C, there is X «<=T, a directed or almost directed cycle forms,
contradiction.

If M[PossDe(X, M[[—C])\{X}] is not bridged relative to CU {X} in M, we will prove the result by showing that either
Lemma 11 or 12 is violated for the graph updated by Algorithm 1 with the local transformation represented by C. Note the
orientations in Algorithm 1 are sound according to Lemma 7. If Lemma 11 is violated, it is only possible that the set of the
MAGs with the local transformation consistent to M is empty, otherwise the sound orientations suggest totally different
directions; and if Lemma 12 is violated, there are always new unshielded colliders generated relative to M when the local
transformation represented by C is introduced, which also implies that the set of the MAGs with the local transformation
consistent to M is empty.

Suppose two vertices J, K in M[PossDe(X, M[[—C])\{X}] are not bridged relative to C due to the minimal circle path
J(=Vp) oo Vq---Vy o—o K(= Vpy1) in M[PossDe(X, M[[—C])\{X}]. There are two possible cases (they possibly happen
simultaneously). One is that there exists 0 <s <n such that Fy, ¢ Fy,,, and Fy,,, € Fy,. The other is that there exists
1 <s <n such that Fy, C Fy,_, and Fy, C Fy,,;.

For the first case, suppose there are two vertices Tq, T € C such that Ty € Fy,\Fv,,, and Tz € Fy_,\Fy,. According
to Algorithm 1 to update M with the local transformation represented by C, when Tq, T, € C, there is Vs — V11 due to
Ty € Fv,\Fv,,,, and there is V5 <- Vg1 due to T, € Fy ,\Fy,. Lemma 11 is violated.

For the second case, suppose a vertex Ty € Fy, ,\Fvy,. By Algorithm 1, there is Vs_; — V; oriented. And suppose a
vertex Ty € Fy,,, \Fv,, there is Vs, 1 — V oriented. Hence there is a new unshielded collider Vs_1 — Vg < V5,1 generated
by Algorithm 1 relative to M, thus Lemma 12 is violated.

Combining the results above, we conclude that there does not exist an MAG consistent to M with the local structure of
X represented by C when the three conditions are violated. O

4.2.2. Proof of Corollary 2

Proof. Denote the set of MAGs returned by Algorithm 2 and the set of MAGs consistent to P by S and S, respectively.
scs directly follows from Theorem 3, which implies that each MAG M € S is consistent to P. It suffices to prove S € S.
Suppose an MAG M € S. Without loss of generality, suppose the set of vertices with circles in P is {Vq,---, V}, and
first vertex that is locally transformed in Algorithm 2 is V1. For brevity, we say a local transformation of a vertex V is
consistent to M if the local marks implied by the transformation are identical to those in M. Note Algorithm 2 considers
all possible local transformations. For the set C! which represents the local transformation of V; consistent to M, due to
the existence of MAGs (M) consistent to P, the conditions on Line 10 of Algorithm 2 are fulfilled according to Theorem 3.
Hence Algorithm 2 will transform the other circles based on the local transformation of V; represented by C' on Line 12.

11
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Algorithm 3 BRUTEFORCE.
input: A PAG P

1: S=¢ || Record all the MAGs consistent to P
2: Obtain an MAG M from P by transforming the circle component into a DAG and the edges e into —
3: Cser ={(i, j) | there is V;#o V; in P} /| Record the indexes of all the circles in P

4: for each set CC Cger do

5 Obtain a graph G by transforming the circles in C to arrowheads and others to tails

6: if there is an edge with two tails in G then

7: continue | 1t violates the absence of selection bias
8 end if

9: if there is a directed or almost directed cycle in G then
10: continue /| It violates the ancestral property
11: end if
12: if there is an inducing path in G then
13: continue |/ 1t violates the maximal property
14: end if
15: if G is Markov equivalent to M by Thm. 3.7 of Ali et al. [55] then
16: S <~ SU{G} /] It is consistent to P
17: end if
18: end for
output: S
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Fig. 6. Results of running time and number of listed MAGs over 100 simulations for each vertice number (including 3 latent ones)/graph density. The
vertical line represents the 95% confidence interval generated by bootstrap sampling. It is determined by the 2.5th and 97.5th percentiles of 1000 estimates
{61,602, ...,61000}, where 6; is an empirical mean of a new random sample of equal size with replacement from the original sample.

Further, suppose the second vertex locally transformed in Algorithm 2 is V. Similar to the proof above, we can prove that
for the set C2 which represents the local transformation of V, consistent to M, the conditions on Line 10 of Algorithm 2
are fulfilled and Line 12 is executed for C2. By induction, we can prove that for the set C, 1 <i <k which represents the
local transformations of V; that has the identical local marks of V; with M, Line 12 is executed. Thus, after the local
transformation of V1, ---, Vj represented by C!,-.., C¥ we can obtain M (note the algorithm possibly stops in a round
s <k, since the orientation rules may help reveal all of the circles at V511, ---, Vi with the local BK regarding V1, -, Vs.
The obtained graph is in this case is also M due to the soundness of the orientation rules). We conclude S C S. o

4.3. Experiments

In this part, we evaluate the effectiveness and efficiency of the proposed methods to list all the MAGs consistent to a
PAG P. We call our method MAGLIST. MAGLIST is compared to the baseline brute force enumeration method, which is called
BRUTEFORCE and shown in Algorithm 3. According to Thm. 2 of Zhang [35], an MAG consistent to P is obtained on Line 2
of Algorithm 3. Next, all the possible transformations of the circles in P are considered. For any graph G obtained after a
transformation, we test whether it is an MAG from Line 6 to 14. If it is, we further evaluate whether it is consistent to P by
testing whether it is Markov equivalent to M on Line 15. There are many solid methods in the literature for testing Markov
equivalence [49,55,56,42].
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We generate 100 Erdos-Rényi random DAGs for each setting, where the number of nodes d € {6, 8, 10, 12, 14, 16} and
density® p €{0.1,0.2,0.3,0.4, 0.5}. The weight of each edge is drawn from #/[1, 2]. We then take three of variables as latent
variables and others as observed variables. Based on each DAG, we obtain the truth PAG. Then, we adopt the two methods
(MaAcLisT, BRUTEFORCE) to list all the MAGs consistent to the PAG. Due to the possibility that for some PAGs it is hard to
list all the MAGs in limited time, we set the maximum running time for each PAG by 1800 seconds. If the running time
exceeds the threshold, the method will immediately output the MAGs that have been found. The number of listed MAGs is
shown as Fig. 6. When the number of vertices is not large (d < 10), both of the methods can finish within 1800 seconds.
In this case MAGLIST and BRUTEFORCE output the same set of MAGs. It verifies the effectiveness of our proposed method.
Fig. 6 shows that MAGLIST has a significant advantage on efficiency compared to BRUTEFORCE. For example, when d = 10 and
p = 0.5, the number of MAGs listed by MAGLIST is more than five times that by BRUTEFORCE. And the difference is larger as
d and p grows. Note the number of MAGs listed by BRUTEFORCE does not necessarily increase as d or p grows. The reason
is, as d or p grows, the space of graphs becomes larger and there are more invalid graphs which are not MAGs consistent
to P. Since the number of searched graphs in 1800 seconds is limited, when there are more invalid MAGs which are not
MAGs or are not consistent to P, it is possible that fewer MAGs consistent to P are listed in the limited time. This problem
will not occur for MAGLIST, because the search in MAGLIST is invalid-MAG-free. That also validates the efficiency of MAGLIST.

5. Application 2: active causal discovery framework

With the establishment of the sound and complete orientation rules for causal identification with local BK, we propose
an active causal discovery framework in the presence of latent variables in this section, with the target of learning the MAG
with as fewer interventions as possible. Suppose we have the observational data of {V1, Va,---, V4}.

5.1. The learning framework

The framework is comprised of three stages. In Stage 1, we learn a PAG with observational data. In Stage 2, we select a
singleton variable X € {V1,..., V4} to intervene and collect a few interventional data. In Stage 3, we learn causal relations
with the interventional data. For each edge X o—« V;, the circle at X can be learned by a two-sample test on whether the
interventional distribution of V; equals to the observational one. There is X <=V; learned if they are equal, and X —V;
otherwise. Hence, the knowledge taken by the interventional data is local, and we can further update the graph with the
orientation rules. We repeat the second and third stages until we identify an MAG. The only remaining problem is how to
select the intervention variable in Stage 2.

Considering that the whole process is sequential, we only focus on the intervention variable selection in one round.
Without loss of generality, suppose we have obtained a PMG M by i interventions on V1, V>, ..., V;, and will select a
variable from {V;i1,..., V4} to intervene. We adapt the maximum entropy criterion used in DAG discovery [23]. For M,
we select the variable X that maximizes

sz—il—jlogll (1)
S

where j is an index for a local structure of X (a local structure of X denotes a combination of marks at X), M is the
number of different local structures, I; is the number of MAGs consistent to M[; which has the j-th local structure of X,
and L is the total number of MAGs consistent to M. Intuitively, maximum entropy criterion is devoted to selecting the
intervention variable X such that there is a similar number of MAGs with each local structure of X and as more as possible
local structures of X. A justification for intervening on such a variable is that we hope to have a small space of MAGs after
the intervention no matter what the true local structure of X is.

When the number of vertices is not large, we can execute Algorithm 2 to list all the MAGs consistent to M;,’ and
then count the number of MAGs with each local structure. When the number is large, however, it is hard to list all the
MAGs. Even in causal sufficiency setting, implementing such operation (generally called counting maximally oriented partial
DAGs) is #P-complete [53]. Considering DAG is a special case for MAG, the counting of MAGs is harder. Hence, we adopt a
sampling method based on Metropolis-Hastings (MH) algorithm [57], to uniformly sample from the space of MAGs. Here,
we introduce an important result of Zhang and Spirtes [58], Tian [59] for MAGs transformation in Proposition 2, which
supports the feasibility of the MH algorithm in sampling MAGs.

Proposition 2 (Zhang and Spirtes [58], Tian [59]). Let M be an arbitrary MAG, and A — B an arbitrary directed edge in M. Let M’
be the graph identical to M except that the edge between A and B is A <> B. M’ is an MAG Markov equivalent to M if and only if

6 Density denotes the probability of including an edge between any two nodes.
7 Despite Algorithm 2 proposed for listing all MAGs consistent to P, it can be directly applied in listing all the MAGs consistent to M which is obtained
from P by incorporating some local BK.
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Algorithm 4 Intervention variable selection based on maximum entropy criterion with MH algorithm.

input: A PMG M oriented based on P and BK regarding V1,..., Vi
1: Obtain an MAG My based on M by transforming o> to — and the circle component into a DAG without new unshielded colliders
2: fort=1,2,...,L do
3: Sample an MAG M’ from S(M;_1) p = min(1, S0l

[S(MN]

4 Sample u from uniform distribution /[0, 1]

5: if u < p then

6: Mi=M

7: else

8 M= M

9: end if
10: end for
11: s<0, X <0
12: for Vj=Viq,..., V4 do

13: Denote V(V;) ={V e VIM[;) | Vj o= V in M}

14:  For each possible local structure £y of V;j, 1 <k <2Vl we count the number Nj of the appearance of £y in the L MAGs
. YYD N oo N

150 s'=-Yp " Hkloghk

16: if s <s’ then

17: X<« Vjs<s
18: end if
19: end for

output: The selected intervention variable X

(1) there is no directed path from A to B other than A — B in M;
(2) forany C — Ain M, C — B isalso in M; and for any D <> A in M, either D — B or D <> B isin M;
(3) there is no discriminating path for A on which B is the endpoint adjacent to A in M.

The algorithm begins from an MAG M consistent to M;, which can be obtained by transforming all the edges Ao~ B
to A — B and the circle component into a DAG without unshielded colliders according to Lemma 16.1. For any MAG M
consistent to M[;, we say a mark change is legitimate if it satisfies the three conditions in Proposition 2 and it is a circle in
M;. We obtain a new MAG M by a legitimate mark change. Then we decide to accept the candidate MAG or not. Given
an MAG M, let S(M) denote the set of MAGs that can be obtained from M by a legitimate mark change according to
Proposition 2. Denote the cardinality of S(M) by |S(M)|. We set the probability Q (M’ | M) of an MAG M transformed
to another MAG M’ € S(M) as 1/|S(M)|. Hence, the acceptance ratio p that is used to decide whether to accept or reject
the candidate is

o ( p(M/)Q(MIM/)>_ . < IS(M)|>
p=min|1, =min(1, ——— |.
p(M)Q (M | M) |S(M)]

For MH algorithm, a stationary distribution equal to the desired distribution can be obtained if any two states can be
transformed to each other in limited steps [60]. Here the last problem is whether any two MAGs consistent to M; can be
transformed to each other in limited steps. It has been proved by Zhang and Spirtes [58] that any two MAGs consistent
to P can be transformed to each other in limited steps. We generalize it to the case for the MAGs consistent to M in
Proposition 3. Hence, MH algorithm is valid to sample MAGs uniformly from the space of MAGs consistent to M.

Proposition 3 (generalization of Theorem 3 of Zhang and Spirtes [58] from P to ML). Denote Ml the obtained graph by incorporating
local BK in a PAG P with the orientation rules. Two MAGs M and M’ are consistent to M if and only if there exists a sequence of
single mark changes in M such that

(1) after each mark change, the resulting graph is also an MAG consistent to M;
(2) after all the mark changes, the resulting graph is M.

Remark 4. The proof directly follows that of Thm. 3 of Zhang and Spirtes [58]. The only difference is, to generalize the result
that any two MAGs consistent to P can be transformed to each other in limited steps to the cases for two MAGs consistent
to M, we say a mark in an MAG M consistent to M is invariant if it is present in all the MAGs consistent to M instead of
all the MAGs consistent to P. Then the proof directly follows Zhang and Spirtes [58] because we have proved in Theorem 1
that all the properties (chordal, balanced, complete) of P used in their proof hold for M as well.

We propose Algorithm 4 to select the intervention variable X based on MH algorithm. From Line 2-Line 10, we execute
MH algorithm to sample L MAGs consistent to M. Finally, we estimate the entropy in (1) and select X on Line 11-Line 19.
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Table 1
Number of correctly/wrongly learned marks in PAG, Number of interventions, number of correctly/ wrongly learned marks by interven-
tions, normalized SHD, and F1 score over 100 simulations with d =10 and varying p in the format of mean + std.

Stage Stage 1 Stage 2 Stage 3 Whole process

Strategy-p # correct PAG # wrong PAG # int. # correct int. # wrong int. Norm. SHD F1

penol amesn  owsow  InIU WIERDMTuE amewn omeon
SO mews  owsew  ile iIe Sesin omeen enion
S samesw  assin  pThl mmIESuR omean emeo
MiMeozs  19x40s  assx27s 39 8 D0V oloom  oseiond 089t oms
B mesan  awise  Imiie maia Sheinomens omson

5.2. Experiments

In this part, we conduct a simulation of the three-stage active learning framework. We generate 100 Erdés-Rényi random
DAGs for each setting, where the number of variables d = {6, 8, 10, 12, 14, 16} and the probability of including each edge
p €{0.1,0.15,0.2,0.25,0.3}. The weight of each edge is drawn from U/[1, 2]. We generate 10000 samples from the linear
structural equations, and take three variables as latent variables and the others as observed ones. In the implementation
of the MH algorithm in Algorithm 4, we collect L = 1000 sampled MAGs. For each intervention variable X, we collect 200
samples under do(X =2), and learn the circles at X by a two-sample test with a significance level of 0.05.

We compare the maximum entropy criterion (MaxEnt) with a baseline random criterion where we randomly select one
variable with circles to intervene in each round. We evaluate the three stages respectively and show the results® for only
d =10 in Table 1. More results are shown in Appendix C. In Stage 1, we obtain a PAG by running FCI algorithm with
a significance level of 0.05. In Stage 2, we adopt the two criteria to select intervention variables. In Stage 3, we learn
the marks with corresponding interventional data and orientation rules. We evaluate the performance of Stage 1 by #
correct PAG/# wrong PAG, which denotes the number of edges that are correctly/wrongly identified by FCl. An edge is
correctly/wrongly identified by FCI if the edge learned by FCI is identical/not identical to the true PAG. The performance
of Stage 2 is evaluated by # int.. The effectiveness of MaxEnt is verified by noting that the number of interventions with
MaxEnt is fewer than that with random criterion. And we evaluate the performance of Stage 3 by # correct int./# wrong
int., which denotes the number of edges that are correctly/wrongly identified by interventions. An edge is correctly/wrongly
identified by interventions if its existence is correctly identified in 7 but the direction is uncertain, and after interventions
we learn its direction correctly/wrongly. We evaluate the performance of the whole process by Norm. SHD and F1. Norm.
SHD denotes the normalized structural hamming distance (SHD), calculated by dividing SHD by d(d — 1)/2. F1 score is
calculated by the confusion matrix to indicate whether the edge between any two vertices is correctly learned. According to
the SHD and F1 score, the active framework can learn the MAG accurately when d or p is not large. And as shown by the
evaluations of Stage 1 and Stage 3, the marks are learned accurately in Stage 3, and most of the mistakes are generated in
Stage 1. Hence, in the framework, the PAG identification in the first stage is the bottleneck of having a good performance.

However, we note that although MaxEnt can reduce the number of interventions relative to random strategy, the re-
duction is inconspicuous (4.5% on average), which is less than the reduction taken by MaxEnt relative to random strategy
in causal sufficiency setting (CS) [23]. The effectiveness of MaxEnt on MAG identification is weaken in causal insufficiency
setting (CIS). We argue that it is due to the intrinsic hardness posed by the latent variables: the learned marks are mainly
directly from BK, and the rules reveal fewer marks in CIS setting. For example, for A o—o X, when the intervention on X
does not result in a change on A, only Ac— X can be learned and another intervention is necessary to determine the circle
at A. In the following, we conduct a further study to verify our view.

We consider all the possible aspects that could be the reason for the weaken effectiveness. There are three possible
ones: 1. PAG learning. Learning PAG is harder than learning CPDAG which latent variables are not involved. 2. The MH
sampling method: it is possible that the sampled MAGs are not representative enough to describe the uniform distribution
of the MAGs consistent to a given PMG. 3. The basic assumption of MaxEnt does not hold under CIS. This is not quite
intuitive. When we adopt MaxEnt, we uniformly sample MAGs from the space of MAGs. There is a potential assumption
that each graph is with the equal possibility to be the true causal graph. It is valid when we generate directed cyclic graphs.
However, it is not the case when we generate MAGs, where we first obtain a set of DAGs and then obtain MAGs by randomly
selecting latent vertices. The core reason is on the non-bijective mapping from DAGs to MAGs. For example, consider a DAG

8 The experimental results are slightly different from that of [40]. We re-conduct the experiments in this paper, because the MAG sampling method is
improved in Algorithm 4. In the preliminary version, many sampled MAGs will be discarded, while through Proposition 3 all the sampled MAGs (Line 2-9)
of Algorithm 4 can be used in the following steps.
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Table 2

The ratio of reduced intervention times by MaxEnt relative to random strat-
egy and the ratio of marks learned by rules under CS and CIS over 100
simulations with varying d and p =0.2 in the format of mean =+ std.

d %diff-CIS %diff-CS %rule-CIS %rule-CS

6 3.48 £+ 2.18% 15.5+ 5.09% 16.0 &+ 2.07% 57.8+ 8.49%
8 6.63 £ 3.78% 19.9+ 3.78% 21.0 £ 2.26% 65.6+ 5.94%
10 7.64 £ 1.60% 214+ 4.21% 221 £ 0.87% 67.3% 3.21%
12 8.16 £ 1.66% 24.5+ 3.68% 20.6 £ 1.99% 703+ 2.67%
14 743 £ 1.52% 24.6+ 5.06% 204 £ 0.74% 70.7+ 1.87%
16 6.45 £ 1.87% 24.2+ 2.93% 19.7 + 1.34% 71.0% 2.19%

of A, B, C with only a directed edge B — C, and another DAG of A, B, C with C - A — B <— C. When A is latent, both of
them generates an MAG B — C. The non-bijective mapping makes the distribution of MAGs non-uniform, thereby the basic
assumption of MaxEnt violated.’

In light of the three aspects, we conduct a study to compare the intervention number reduction of MaxEnt relative to
random strategy under CS and CIS setting by removing the possible influence of these three aspects. For CS, we generate
DAGs with d — 3 nodes to ensure the identical number of observed variables under CS and CIS. We learn PAG/CPDAG with
the true covariance matrix, which guarantees the correctness of Stage 1. For MaxEnt, we use Algorithm 2 to list all the MAGs
instead of MH sampling. And to ensure the equal possibility of each MAG, we randomly select an MAG M’ from the listed
MAGs consistent to PAG P as the true one instead of the original MAG M. The two points above ensure the correctness of
the entropy estimation. When we intervene on X, we directly take the local marks of X in M’ as the learned BK, which
guarantees that the BK is correct. Hence, the whole process is ideal.

We estimate the ratio %diff-CIS/%diff-CS of reduced intervention times by MaxEnt relative to random strategy under
CIS/CS. %diff-CIS is calculated by (#Intygngom — #IntrMaxent) /#(INtpaxene), Where #Intqndgom and #Intpyexene denote the total
number of interventions by random and MaxEnt in 100 simulations under CIS. %diff-CS is calculated similarly under CS. We
repeat the experiments for 10 times and estimate the mean and standard error (std) accordingly. The results are shown in
the second/third column of Table 2 for the case p = 0.2. See Appendix C for additional results. It demonstrates that MaxEnt
has quite different contributions to the reduction of intervention numbers in the two settings. Note %diff-CIS (%diff-CS) is a
ratio value related to d and p. Although # Int,gngom and # Intyaxene increase with d and p, the ratio does not necessarily
follow a monotonic trend. According to the experimental results, when d and p are not too small or large, %diff-CIS and
%diff-CS are more likely to be large. Further, we divide the learned marks by interventions into two parts: those oriented
directly by BK and those learned by the orientation rules. We show the ratio of marks learned by rules to the total learned
marks for CIS and CS in the forth/fifth column of Table 2. The mean and std are calculated similar to %diff-CIS. It implies
that for CIS, most learned marks are directly from BK, while for CS most learned marks are from applying orientation rules.
Hence, a larger number of interventions is needed in learning an MAG in contrast to learning a DAG, which leads to the
weakened effectiveness of MaxEnt under CIS.

6. Conclusion

In this paper, we propose sound and complete orientation rules that resolve the causal identification problem given
local BK in the presence of latent variables. Based on the results, we present two applications. Firstly, for MAG listing,
the new approach significantly improves the efficiency. Secondly, for causal discovery, we propose the first active learning
framework in the presence of latent variables. In the future, it is worthy to investigate the causal identifiability given general
background knowledge.

Beyond causal identification, there are two directions that might be interesting. A recent advancement is the introduction
of a novel learning paradigm called abductive learning, which bridges logical reasoning and machine learning [61,62]. The
causal relations, as a form of logical formula, have the potential to collaborate effectively with machine learning. In addition,
the studies on causality have greatly influenced decision-making methods [12,63-65,46,66]. Recently, Zhou [67] emphasized
the importance of correlation for prediction and causation for scientific discovery, while recognizing the need for an inter-
mediate relation for decision-making, referred to as rehearsation. Exploring the potential of decision-making without relying
on causal identification could also be a valuable direction for future research.
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Appendix A. Orientation rules with observational data

In this section, we show the complete orientation rules proposed by Zhang [35] for causal discovery with observational
data in the presence of latent variables and selection bias. There are eleven rules (Rg — R11). Since selection bias is not
considered in this paper, we do not show the cases (R5 —R7) that happen only when there is selection bias. Ry is triggered
according to the conditional independence relationship at the beginning of learning a PAG. It is evidently not triggered after,
hence we do not show it as well.

Ri: If A+> Bo—R, and A and R are not adjacent, then orient the triple as A%+— B — R.

Ry: If A— B> R or A= B — R, and A o R, then orient A o R as As> R.

R3: If A%~ B <%R, A*oDo—=R, A and R are not adjacent, and D %o B, then orient D o B as D#— B.

Ry4: If (K,...,A, B, R) is a discriminating path between K and R for B, and B o— R; then if B € Sepset(K, R), orient
B o— R as B — R; otherwise orient the triple (A, B, R) as A <> B <> R.

Rg: If A— B— R, and Ao~ R, orient Ac—> R as A — R.

Rg: If Ao> R, and p=(A, B, D, ..., R) is an uncovered possible directed path from A to R such that R and B are not
adjacent, then orient Ac—> R as A — R.

Rio: Suppose Ao~ R, B— R < D, pp is an uncovered possible directed path from A to B, and p, is an uncovered
possible directed path from A to D. Let U be the vertex adjacent to A on pj (U could be B), and W be the vertex
adjacent to A on py (W could be D). If U and W are distinct, and are not adjacent, then orient Ac— R as A — R.

Appendix B. Detailed proof of Theorem 1
We first provide some facts, which are used to prove Theorem 1.

Lemma 2. Consider M; in Theorem 1 that satisfies the five properties. If there is a possible directed path from A to B in M, then there
is a minimal possible directed path from A to B in M.

Proof. Suppose the possible directed path p = (Vo(= A), V1, ..., Vim(= B)). If p is minimal, the result trivially holds. If not,

we can always find a subpath (V;, Viyq,...,V}), j —i> 2 such that any non-consecutive vertices are not adjacent except
for an edge between V; and V;. We will show the impossibility of V; <=V ; in M. Suppose V; <=V; in M;. Note there
is a circle/tail at V; on the edge between V; and V;;1 due to the possible directed path p. If j —i =2, there is always an

edge Vi1 <+Vii2(=Vj) due to the balanced/closed property of M, contradicting the possible directed path p. If j—i > 2,
due to the non-adjacency of the V; and Vi1, there is either V; — Vi1 — ...V; or V; <=V;; identified in P. The latter
case is impossible due to the possible directed path p. For the former case, there is an almost directed or directed cycles,
contradiction. Hence, the edge between V; and V; is either V; — V; or V; o= V;, we thus find a shorter possible directed
path (Vo, V1,..., Vi, Vj, Vjq1,..., Vi) in M. Repeat this process until obtaining a possible directed path such that there
is not a proper sub-structure where any non-consecutive vertices are not adjacent except for an edge between endpoints.
This path is a minimal possible directed path. O

Lemma 3. Consider M; in Theorem 1 that satisfies the five properties. If there is A=~ B in M, then there is an edge as A»— V for
any V in a connected circle component with B in Ml;, and A and B are not connected in a circle component.

Proof. It is a direct conclusion of the balanced property of M. We first consider any vertex Vy that has a circle edge with
B, there is A%~ B o— V1 in M. According to the balanced property, there is A+~ V. Similarly, we can conclude that the

result holds for all the vertices in a circle component with B. Hence A and B cannot be in a circle component. O

Lemma 4. Consider M; in Theorem 1 that satisfies the five properties. Suppose an MAG M consistent to M; and the local BK of X
represented by C. Then V € PossDe(X, M[;[—C]) if and only if V € De(X, M).

Proof. We first prove the “only if” statement. If V € PossDe(X, M;[—C]), there is a minimal possible directed path p =
(X,Fq,...,Fp(=V)) by Lemma 2. Due to F; ¢ C, there is X — V7 in M. Hence p can only be directed in M, otherwise
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there is at least one unshielded collider F;_i#> F; <%Fj;1 in M, which is identified in P and M, contradicting with that
p is a minimal possible directed path from X to F,, in M;[—C].

We then prove the “if” statement. According to the ancestral property, there must be a minimal directed path X —
Fi--+— Fp_1, Fp(=V) in M, where X is not adjacent to Fa,..., Fy. The corresponding path in M; of this path is a
minimal possible directed path from X to V. If V ¢ PossDe(X, M;[—C]), there can only be F; € C due to Fo, F3,...,Fn ¢ C
as they are not adjacent to X. In this case X <«F; should be represented by C, which contradicts X — F; in M. O

Lemma 5. The PMG M1 in Theorem 1 satisfies the closed property.

Proof. It follows from the third step of Algorithm 1. O

Lemma 6. Suppose M, 0 < s < i in Theorem 1 satisfy the five properties, there must exist an MAG consistent to M.
Proof. It follows from the complete property of M;. O

Lemma 7. The PMG M ;1 in Theorem 1 satisfies the invariant property.

Proof. Denote the graph obtained from M and the local BK represented by C after the first two steps of Algorithm 1 by
Mi+1. Note in the third step we only update M, ; with the orientation rules. It is easy to prove the orientation rules are
sound to orient Ml;, ¢ referring to Proposition 1 and the results of Ali et al. [68], Zhang [35] as new unshielded colliders, or
directed or almost directed cycles will be introduced otherwise, we do not present the details here. It suffices to show that
the non-circle marks introduced in the first two steps are invariant in all the MAGs consistent to M[; and the local BK of X
represented by C. For brevity, we call the MAGs consistent to M; and C for short in the following.

Consider VK € PossDe(X, M;[—C]) and VT € C. According to Lemma 4, there is K € De(X, M). Considering T#—> X —
.-+ — K, the edge between K and T can only be as K <=T in any MAG M due to the ancestral property if K # X. If K = X,
the orientation X <=T in M just follows the local BK of X represented by C. The proof completes.

Next we prove that the oriented edges in the second step are invariant in any MAG M consistent to M; and C. Suppose
the first edge oriented in the second step which is not invariant is V; — V. That is, there is V| <=V; in an MAG M
consistent to M; and C. The circle edges are oriented in two possible cases. We consider them one by one. (A) If Fy, \Fv; #
# in M, there exists some vertex T € Fv\Fv; forming a collider V- V; <*T in M. Then we prove the collider is
unshielded. If V; is adjacent to T, we consider the edge in M. (a) The edge is not V; — T, otherwise there must be a
directed or almost directed cycles X — --- — V; — T~ X in M; (b) the edge is not Vjo—T, otherwise T € Fy;; (c) the
edge is not V; «<=T, otherwise in M; there is a sub-structure Ts— V;jo—o Vo= T, contradicting with the balanced property
of M. Hence, T cannot be adjacent to V; as there is always a contradiction if adjacent. Thus Vs V| <«T is a new
unshielded collider introduced in the second step. (B) If there is Vi, — Vjo—o V; where Vy, € PossDe(X, M;[—C])\{X} is not
adjacent to Vj, a new unshielded collider V;; — V; <=V introduced in the second step. Hence in the MAG M consistent
to P, there are always new unshielded colliders relative to P introduced, contradiction. O

Lemma 8. Consider Ml; in Theorem 1 that satisfies the five properties. Denote Fy, = {V € CU {X} | V x—o V;in M;} for VV; €
PossDe(X, MI;[—C])\{X}. For an edge | o—o K in M[PossDe(X, Ml;[—C])\{X}], if it is oriented as | — K in the second step of
Algorithm 1 to obtain Ml; 1 based on M and C, then there is a vertex Vp, € PossDe(X, M;[—C])\{X} such that there is a minimal
path Vi o—o ..o Vi(= ]) oo Vo(= K),m > 1 in M;[PossDe(X, M;[-CD\{X}] where Fy,, D Fv,,_, =---= Fy,.

Proof. A directed edge | — K is oriented in the second step only if in two situations: (1) Fx C Fj; (2) Fx = F; and
there is another vertex L € PossDe(X, M;[—C])\{X} that is not adjacent to K and there is L — J. Note L — ] can only
be oriented in the second step as well, as it cannot be oriented in the first step when only the edges containing vertices
in {C, X} are transformed, and it cannot appear in M; otherwise either | — K or J <K is identified in M; due to the
complete property of M;.

If Fy, C Fv,, there is a desired path where m = 1. If Fy, = Fy,, we could find V, € PossDe(X, M;[-C])\{X} that is
not adjacent to Vg and there is V, — V; oriented in the second step. Similarly, we conclude either Fy, C Fv,, in which
case there is a desired path where m =2; or Fy, = Fy,, in which case there is V3 € PossDe(X, M[;[—C])\{X} that is not
adjacent to V¢ and there is V3 — V5 oriented in the second step. Repeat the process and we can always find an uncovered
path Vi o—o...0—o0 Vi(= J) oo Vo(=K),m > 1 in M;[PossDe(X, M;[-C])\{X}] where Fy, ="--= Fy,_, C Fv,. Finally,
it suffices to prove that the path is minimal. If not, there exists a sub-structure Vy o—o Vyij 00— Vj, j > k+ 2 where
any two non-consecutive vertices are not adjacent except for an edge between Vj and V;. Since only the edges containing
vertices in {C, X} are transformed in the first step, if there is a non-circle edge between V| and V; before the second step,
the edge is non-circle in M, in which case Vi and V; cannot be in a circle component according to Lemma 3, contradicting
with the circle path comprised of Vi, V41, ..., V;. Hence there is Vi o— V; in M, in which case the chordal property of
M is not fulfilled due to Vi o— Vi1 0= --- 00 Vj o—o V. Thus the path can only be minimal. O
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Lemma 9. Consider Ml; 1 in Theorem 1. The subgraph M 11[C] is a complete graph.

Proof. If it is not a complete graph, new unshielded colliders are introduced by the local BK of X represented by C when
obtaining Ml;,; by Algorithm 1. Hence there does not exist an MAG consistent to M. According to Lemma 7 and the
basic assumption that BK is correct, there is not an MAG consistent to M;, contradicting with Lemma 6. O

Lemma 10. Suppose M, 0 < s <i in Theorem 1 satisfy the five properties. And the local BK of X is represented by C. Then there is
PossDe(X, Ml;[—C]) N Pa(C, M[;) = @.

Proof. Suppose there is an edge V — T where V € PossDe(X, M[;[—C]) and T € C in M;. According to Lemma 4, for any
MAG oriented from M; with the local BK of X represented by C, there is a directed or almost directed cycle X — ---V —
T X, contradiction. Hence there is not an MAG consistent to Ml; and local BK. Due to the assumption that BK is correct,
there cannot be an MAG consistent to M;, contradicting with Lemma 6. O

Lemma 11. Suppose M, 0 < s <i in Theorem 1 satisfy the five properties. In the second step of Algorithm 1 to obtain M1 based on
M and the local BK of X represented by C, there is not an edge oriented as both | < K and ] — K.

Proof. For simplicity, we use M} to denote M;[PossDe(X, M[;[—C])\{X}]. At first, we prove for any distinct vertices J, K €
V(M}), there is F; C Fx or Fg C Fj. Otherwise, there must exist at least two vertices A, B € C such that there is A o J,
B x—o K, where A is not adjacent to K, and B is not adjacent to K in M} Lemma 7 implies that the arrowhead added
in Algorithm 1 is invariant in all the MAGs consistent to M; and local BK of X represented by C (we call such MAG by
MAG consistent to Ml; and C for short). Hence the added arrowheads in the first step appear in any MAG M consistent to
M; and C. According to the condition, there are A% | and B#—> K in M. In this case, there are always new unshielded
colliders in M relative to M[; no matter what the orientation of the edge connecting J and K is in M. Hence there are
always new unshielded collider in the oriented graph relative to PP. That is, there does not exist an MAG consistent to M
and C. Due to the correctness of BK and Lemma 7, there is not an MAG consistent to M;, which contradicts with Lemma 6.
Hence there is F; C Fg or Fg C Fj.

If F; # Fk, without loss of generality, suppose F; C Fk. Then ] <- K is oriented in the second step. If there is also
J — K oriented in the second step, it implies there is L — ] oriented in the second step where L is not adjacent to K. In
this case, no matter we orient | — K or J < K, there is also a new unshielded collider at J or K, hence there does not
exist an MAG consistent to M; and C, a contradiction similar to the above case. In the following, we only consider the case
of Fj = Fk. Suppose we orient both ] — K and ] <~ K in the second step.

By Lemma 8, if we orient ] — K in the second step, there is a minimal circle path Vy o—o Vi o—0 -+ 0—0 V(= J)
where Fy,, D Fy,_, =--- = Fy,. If we also orient | < K in the second step, there is a circle path Vy_1(= J) o—o V(=
K)o—o---0— Vy,n>min IMIIl where Fy,_, = Fy,, =---=Fvy,_, C Fn. Note V11 is adjacent to V,; but is not adjacent
to Vin—1, while Vi, is adjacent to V;;,—1 but not adjacent to Vy,;, hence Vy—2 # Vipy1, and Vi—2, Vin—1, Vin, Viny1 are
distinct vertices. Also note no circle edges in IMII1 are oriented in the first step of Algorithm 1. Hence the circle component
in M} is still chordal. Hence Voo V{oo---00Vj is also a minimal circle path, otherwise there must be a cycle comprised
of circle edges whose length is larger than 3 without a chord because this cycle must contain Vp,—2, Vin—1, Vin, Vin41 where
Vm—2 is not adjacent to V;; and Vp,—q is not adjacent to Vy;41, contradiction. Hence we consider the minimal circle path
Vo o—o Vi o—o --- o—o0 V. According to Lemma 7, there must be Vo — --- — V1 and Vp, < ---V,, in any MAG M
consistent to Ml; and C. However, in this case there are new unshielded colliders in M relative to M; and C no matter
what the orientation of the edge connecting V,_1 and Vy, is, that is, M is always inconsistent to P. Given the fact that
the local BK represented by C is correct, there does not exist an MAG consistent to M;, contradicting with Lemma 6. O

Lemma 12. Suppose Mi;, 0 < s < i in Theorem 1 satisfy the five properties. If there exists an MAG consistent to M1, then there is
not a new unshielded collider introduced in Algorithm 1.

Proof. If there are new unshielded colliders introduced in Algorithm 1, due to the invariant property of M, in Lemma 7,
there are additional unshielded colliders relative to 7 in any MAG consistent to M. Due to the assumption that the local
BK is correct, there cannot be MAGs consistent to M, contradicting with Lemma 6. O

Lemma 13. Consider M in Theorem 1 that satisfies the five properties. In the third step of Algorithm 1 to obtain M1 based on M;
and the local BK of X represented by C, there are only edges as A <oB transformed to A < B.

Proof. There are three possible transformations by the orientation rules: A o—o B edges transformed to the edges with
arrowheads; A <oB edges transformed to A <> B; A <oB edges transformed to A <— B (Ao~ B is equivalent to A <eoB due
to the generality of A and B). We will prove the impossibility of the first two cases. Denote the graph obtained from M
and BK regarding Vi, after the first two steps of Algorithm 1 by M ;. The proof idea is, suppose in the third step we
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orient A <oR edges to A <> R or orient some circle edges. We can always find the first edge which is transformed from
A <oR to A < R or from circle edges to directed or bi-directed edges in the third step. If we prove that this edge can be
neither an edge A <oR transformed to A <> B nor a circle edge, we have a contradiction. Hence we can conclude that there
are no A <oR edges transformed to A <> R or circle edges transformed to directed or bi-directed edges in the third step.

If we transform some edges A <oR to A <> R or transform some circle edges in the third step, the first such edge is not
as A <oR and transformed to A <> R. Note in the edge aforementioned an arrowhead is introduced. Recall the orientation
rules. R3 is triggered in only the process of obtaining P. R does not transform an edge A <R to bi-directed. Rg — R1o
introduces only tails. Hence only R1 and R, possibly introduce arrowheads. 7R cannot transform an edge A <oR to A <> R.
It suffices to prove there are no edges A <oR transformed to A <> R by R, in the third step of Algorithm 1. According to
the condition of Rj, when A <oR is transformed to A <> R by R, there is (i) A— B <> Ro—~ A or (ii) A <> B — Ro— A.
We then prove two results: (1) the bi-directed edges in (i) or (ii) cannot appear in Mj; (2) the bi-directed edges cannot be
introduced in the first two steps of Algorithm 1 to obtain M;;; based on the local BK of X represented by C.

(1) For (i), suppose there is B <> R in M. Since after the first two steps of Algorithm 1 there is A <oR, there is A*—oR
in M. According to the balanced property of M, there is A <=B in M}, in which case there cannot be A — B as case (i).
For (ii), suppose there is A <> B in M;. Since after the first two steps there is B — R, there must be B— R or B o— R in
M. For the former case, Ax— R is in M; since M is closed under R;. For the latter case, A% R is in M; due to the
balanced property of M. Both of them contradict with A +—o R in the graph after the first two steps.

(2) For (i), there is R o— A in M. If B <> R is oriented in the first two steps of Algorithm 1, there is either Bo— R
or B <oR in Mj. For the former case, according to the balanced property there is A <«B in M; due to R o— A, which
contradicts with A — B in case (i). For the latter case, since B <oR is transformed to B <> R by the first two steps of
Algorithm 1, there is R € PossDe(X, M[;[—C]) and B € C. We discuss whether A € C, if A € C, there is A+~ R oriented by the
first step of Algorithm 1, contradicting with Ro— A in case (i); if A ¢ C, since there is A x—o R after the first two steps, there
is A *—o R in M, there is A € PossDe(X, M;[—C]), hence A «<=B is oriented in the first step, contradicting with A — B in
case (i). The contradiction for (ii) is similar, we do not present the details.

Combining the results in (1) and (2), the first edge cannot be transformed from A <oR to A <> R by Ry as well. Hence
the first edge mentioned above is not an edge transformed from A <oR to A <> R as no orientation rules can achieve it.

If we transform some edges A <oR to A <> R or transform some circle edges in the third step, the first such edge is not
a circle edge. Recall the orientation rules. The result is evident for Rg — R1¢ since the transformed edge is Ao—> R. R3 is
triggered in only the process of obtaining 7. When an edge is oriented by R/, it can be seen as that we first transform
a circle to an arrowhead by R, then transform the other circle to tail by R},. Hence it suffices to show that there are no
circle edge oriented by R and R in the third step of Algorithm 1. We first consider R1. Suppose there is A%~ B o—o R
where A and R are not adjacent after the first two steps of Algorithm 1. Since MI; satisfies the complete property, the
arrowhead at B on As— B can only be oriented in the first two steps, otherwise the arrowhead is in M; and thus there
is either B— R or B <R in M. Note the fact that in the first two steps of Algorithm 1 we only add arrowheads at the
vertex in PossDe(X, M[;[—C]). Hence B € PossDe(X, Ml;[—C]). In addition, there is R ¢ C, otherwise B <oR is oriented in the
first step of Algorithm 1. Hence there is R € PossDe(X, M[;[—C]). The edge A~ B is oriented in either the first or second
step. If A+~ B is oriented in the first step, B — R should be oriented in the second step since A € Fp\Fg; if A+~ B is
oriented in the second step, B — R is also oriented in the second step, in both of cases there is not B o—o R after the first
two steps. Hence R cannot be triggered.

Then we prove the impossibility that a circle edge is transformed by R,. Suppose there is A — B#> R or A*> B — R,
and A o—o R in the third step. We consider the cases: (i) the arrowhead at R on the edge between B and R appears in M;;
(ii) the arrowhead at R on the edge between B and R is introduced in the first two steps of Algorithm 1 to obtain M
based on M; and the local BK of X represented by C.

(i) For the first case, there is B#+> R and A o—o R in M. According to the balanced property of M, there is A <*B
in M. Hence the only case that R, is triggered is that there is A <> B — R o—o A after the first two steps, in which case
there can only be A <oB in M due to the balanced property. In this case, A <oB is transformed to A <> B in only the
first step. It implies that A € C and B € PossDe(X, M;[—C]). If R € C, there is B <> R oriented in the first step, contradicting
with B — R after the first two steps. If R ¢ C, since there is B € PossDe(X, M;[—C]) and B — R or B o— R in M, there is
B € PossDe(X, M;[—C]), thus there is A%~ R oriented in the first step, contradicting with A o— R after the first two steps.
Hence case (i) is impossible.

(ii) For the second case, note in the first two steps of Algorithm 1 we only add arrowheads at the vertex in
PossDe(X, M[;[—C]), there is thus R € PossDe(X, M[;[—C]). In this case there is A ¢ C, otherwise Ax—> R is oriented by
the first step, contradiction. Due to R € PossDe(X, M;[—C]) and A o— R in M, there is A € PossDe(X, Ml;[—C]). We discuss
whether B € C. (ii.1) If B € C, the only case that R, is triggered is that A <> B — R in M1, which implies that there is
As— B and B — R or Bo— R in M. If B— R in M, according to the closed property of Ml; under R, there is As—> R
in M, thus there is As— R in M1, contradiction. If As— B o— R in M}, according to the balanced property of M, there
is also A% R in M, thus there is A% R in M1, contradiction. (ii.2) If B ¢ C, if there exists an edge between A, B, R
that is not a circle edge in M, due to the balanced property of M; and A o— R in M, there can be either A%> B <%R or
A <xBs— R in M. We just show the contradiction for the first case, and the proof for the other is similar. If the case in R,
happens, there can only be A — B <> R in M. Since we never add a new bi-directed edge between PossDe(X, M;[—C])
in the first two steps of Algorithm 1, the edge B <> R is in M;. However, in this case due to balanced property of M; and
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Ao—oR in M, there is A <> B in M}, contradicting with A — B in Mi+]. Hence in M; there can only be Ao—-oBo-oRo—oA.
Note the edge between PossDe(X, P[—C]) is oriented in only the second step of Algorithm 1, where we transform circle
edges to directed edges, hence there is A— B — R in Mlj;;. Then we will prove the impossibility of A— B — Ro—o A in
M4 1. According to Lemma 8 and Lemma 11, if A— B — R is oriented, then there is F4 2 Fp 2 Fg. If there is F4 D Fp or
Fg D Fg, then there is F4 D Fg, hence there is A — R oriented by the second step of Algorithm 1, contradiction. If there
is Fa = Fp = Fg, we will prove its impossibility. According to Algorithm 1, there is another vertex C € PossDe(X, M;[—C])
such that C — A is oriented in the second step of Algorithm 1, C is not adjacent to B, and F¢ D F,4. Hence there is
Fc 2 Fr. We can see that R must be adjacent to C, otherwise A — R will be oriented to A — R in the second step of
Algorithm 1. Due to Lemma 7, in each MAG M consistent to M; and C, there is C - A — B — R, hence there can only
be C — R in M. In this case there is a new unshielded collider C — R < B in M relative to M;, which implies that M
cannot be consistent to M;, contradiction.

With (i) and (ii), it is concluded that R, is not triggered in the third step of Algorithm 1. Combining the parts above,
we conclude that for the first edge in the third step that is transformed from A <oR to A <> R or transformed from a circle
edge to a directed or bi-directed edge cannot be a circle edge, the first edge cannot be a circle edge.

Combining the two parts above, we conclude that for the first edge in the third step that is transformed from A <oR to
A <> R or transformed from a circle edge to a directed or bi-directed edge, the first edge can be neither an edge transformed
from A <oR to A < R, nor a circle edge. Hence there is always a contradiction if new arrowheads are introduced in the
third step. Hence, in the third step of Algorithm 1, only the transformation as A <oR to A <— R is possibly triggered by the
orientation rules. O

Lemma 14. The PMG M, in Theorem 1 satisfies the chordal property.

Proof. Denote the graph obtained from M and the local BK represented by C after the first two steps of Algorithm 1 by
M 41. According to Lemma 13, no circle edges are oriented in the third step of Algorithm 1. Hence, it suffices to prove that
the circle component in M is chordal.

Note the edges in M {[—PossDe(X, M[;[—C])] are identical to those in M[;[—PossDe(X, M[;[—C])] since we do not
orient the edges in this region in the first two steps. Due to chordal property of Ml; and the fact that the subgraph of a
chordal graph is also chordal, the circle component in M,+1[ PossDe(X, Ml;[—C])] is chordal. We consider the circle edge
connecting M, 1[PossDe(X, M[;[—C])] and M {[—PossDe(X, M;[—C])]. Suppose an edge in the form of V| o— V5, where
V1 € PossDe(X, M[;[—C]) and V; € V(M];)\PossDe(X, M[;[—C]). If there is V;, ¢ C, then there is V, € PossDe(X, M;[—C])
due to V¢ € PossDe(X, M;[—C]) and V1 o—o V3, contradiction. Hence V3 € C. In the first step of Algorithm 1, V1 o— V3 is
transformed to V; <oV;. Hence after the first step there is not a circle edge connecting M [PossDe(X, M;[—C])] and
M,+1[ PossDe(X, M[;[—C])]. And there are not circle edges between X and other vertices in M ;; since the marks at X is
definite after the first step. In the following, it suffices to show the circle component in Mz+1 [PossDe(X, M;[—CDH\{X}] is

chordal. For simplicity, we use M}H to denote M;;1[PossDe(X, M;[—C])\{X}].

We will use three facts in the following: (i) each circle edge in M1+1 is also a circle edge in M; (ii) the circle edges in
M;[PossDe(X, M[;[—C])\{X}] are only possibly oriented in the second step of Algorithm 1 in the process of obtaining M
from M;; (iii) Lemma 11. ~

Suppose the circle component in IMI,.]le is not chordal, there is Vgo—o Vqo0—o0---0—-0V, 0 Vg, n > 3, where there is not a
circle edge between every two unconsecutive vertices. There must exist non-circle edges between the unconsecutive vertices
in this cycle, otherwise it is a cycle of length four or more without a chord in M, contradicting with the chordal property
of M. Hence, we can always find a sub-structure Vy o—o Vj 41 0o—o---0—0 Vi < V},0 <k <m <n without other directed
edges between any two vertices among Vi, ---, Vi, except for V,,, < V| (if there is another directed edge, for instance
Viks1 — Vm, we can find a proper sub-structure Vy,q o—o--- o—o V;y < Vj 1 instead. And since the path is symmetric,
Vi — Vi is without loss of generality.). According to Lemma 3, Vi, — V,; can only be a circle edge in M. Hence in M|
there is Vi o—o Vi1 0—o -+ 0—o Vj o—o V. Since the circle component in M; in chordal, the length of the sub-structure
can only be three. Hence it holds m =k + 2 and there is Vi o—o Vi1 o—0 V4o < Vi in Mz‘lﬂ' Next, we will prove its
impossibility.

Since there is Vi o—o Vy 41 0—o Vi < Vi in Ml 1» there is Fy, = Fy,,, = Fy,,,. Considering Vy — V., is oriented
in the second step, there is another vertex F{ € PossDe(X, M[;[—C])\{X} such that there is F; — V| oriented in the second
step where F; is not adjacent to Vj,,. Evidently F; is adjacent to Vi, otherwise V; — Vi1 is also oriented. Next, in
light of Fy — Vy, there is Fy, C FF, according to Algorithm 1 and Lemma 11. If Fy, C FF,, there is also Fy,,, C FF,
since Fv, = Fv,,,. Hence F; — Vi, 1. And due to Fy, , = Fy,,, and the non-adjacency of F; and Vi, in the second
step Vi1 — Vi is oriented, contradicting with Vi o—o Vjy,. Hence, there is Fy, = Fr, and Fq o—o Vj4q in MH—I
Here we find a sub-structure Fq o—o Vi1 o—o V| < F1. Since F1 — Vj is oriented, there is another vertex F, that is not
adjacent to Vi in M}_H such that F, — Fq is oriented in the second step. Similar to the previous proof, there is not a
contradiction only when Ff, = Ff, and F, o—o V1. Repeat this process and we conclude that in any uncovered directed
path F; — --- — F1 — Vg — Vyo, for any a vertex V’ on the path, there is Fy: = Fy, and there is a circle edge between V'

and Vj,1. It contradicts with Lemma 8. Hence, there cannot be a sub-structure as Vi o—o V41 00 V4o < Vi in M: 4o O
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Lemma 15. The PMG M, in Theorem 1 satisfies the balanced property.

Proof. If there is V%= V;j o— V), we first prove that V; is adjacent to Vj. Suppose V; is not adjacent to V. This struc-
ture cannot appear in M due to the complete property of M. Hence V;+— V; is oriented in Algorithm 1. According
to Lemma 13, the arrowhead is introduced in only the first two steps of obtaining M, 1. And in the first two steps ar-
rowhead is added at the vertex in PossDe(X, M;[—C]). Hence V; € PossDe(X, M[;[—C]). In this case if V} € C, there is
Vj <V} oriented in the first step, contradiction. Then we consider the case Vi ¢ C. If (i) there is V; o— Vi in M, there
is Vi € PossDe(X, M[;[—C]), thus Vj — Vj is oriented in the second step, contradiction. If (ii) Vjo— Vi in M, it will be
oriented as V; — V. by R in the third step, contradiction. So V; is adjacent to V.

Next we consider the case that V; is adjacent to V. If there is Vs> V; o— V in M}, there is Vs> V} due to the
balanced property of M, hence Vs Vj is in M. It then suffices to consider there is V; x—o Vj o— Vi in M; while
Vi#—> Vj o=V} in M ;. Note in Algorithm 1, arrowheads are oriented only at the vertex in PossDe(X, M;[—C]), thereby
Vj € PossDe(X, Ml;[—C]). In addition, Vi ¢ C, for otherwise there is Vj <%V} in M4, contradiction. Combining V o— Vj
and V; € PossDe(X, M[;[—C]), there is Vi € PossDe(X, M[;[—C]). We discuss whether V; € C in the following.

(i). If V; ¢ C, there is V; € PossDe(X, M;[—C]) due to V; +—o V; and V; € PossDe(X, M[;[—C]). In this case the arrowhead
is introduced in the second step of obtaining M;; based on M. Hence there is V; o—o V; in M. In this case either
Vio—o Vjs> Vi <V, or Vio—o V;jo—o Vio—oV;in M. For the former case, there is Vi — Vs> Vi <%V; in M. And
there cannot be V; <> Vi in M1, otherwise there is Vj <> V since M is closed under R;, contradicting with V j o— Vy
in Mi;4. So balanced property holds in M for the first case. For the latter case, V; — Vjo—o Vj is oriented in the second
step. According to the proof of Lemma 14, there cannot be a structure V; o—o V o—o Vj < V;, thus there is not a circle-edge
between V; and V. Since we only transform circle edges between PossDe (X, M[;[—C]) to directed edges in the second step,
the edge between V; and Vy is directed. If V; — V} is oriented in the second step, balanced property of M, is satisfied.
If there is V — V; oriented in the second step, there is V, — V; oriented by R; in the third step, which contradicts with
Lemma 13 that there are no circle edges oriented in the third step, impossibility.

(ii). If V; € C, there is Vs V; and Vs V| after the first step of Algorithm 1. It is then easy to prove that the balanced
property is fulfilled, we do not give the details.

As shown above, balanced property also holds in M; ;. O

Lemma 16. The PMG M, 1 in Theorem 1 satisfies the complete property.

In M4, the edges with circles are either A o— B or Ao~ B. In Lemma 16.1, we show that we can always obtain an
MAG consistent to P and local BK regarding V1, ---, V;41 by transforming o— to — and the circle component into a DAG
without unshielded colliders in M. Due to the chordal property of M1, for the edge A o— B in Mj,4, it can be both
A — B and A < B in the MAGs consistent to P and local BK regarding V1, ---, Vi11 according to Lemma 5 of Meek [47];
and for the edge Co— D in M1, it is C — D. In Lemma 16.2, we show for the edge Ao~ B in M1, it can be A <> B. Here
the most difficult part is to prove Lemma 16.1, i.e., we can always obtain an MAG consistent to P and local BK regarding
V1,--+, Vipq by transforming o— to — and the circle component into a DAG without unshielded colliders in M ;. With
this result, we can prove Lemma 16.2 totally following the procedure of that of Theorem 3 of Zhang [35], with the invariant,
chordal, and balanced property of M. Since the proof of Lemma 16.2 is too lengthy and completely follows that of
Theorem 3 of Zhang [35], we just show the proof sketch.

Lemma 16.1. Consider M ;1 in Theorem 1. We orient a graph H from M1 by transforming o— to — and the circle component in
M1 into a DAG without unshielded colliders. Then H is an MAG consistent to P and local BK regarding V1, --- , Viy1.

Proof. At first, we introduce some notations. We use M(M;),0 < j <i+1 to denote the set of graphs that can be obtained
from M by transforming all edges o to — and orient the circle component into a DAG without unshielded colliders. Our
proof is by induction: given the closed, invariant, chordal, and balanced property of M1, we will prove that if there is
a graph Hiy1 € M(Mj;1) such that H;4q is not an MAG consistent to P and local BK regarding V1, ---, Vit1, then there
is a graph H; € M(M;)such that #; is not an MAG consistent to 7 and local BK regarding V1, ---, V;. By induction, we
conclude there is not a graph Hy € M(P) consistent to P, which contradicts with Theorem 2 of Zhang [35].

In the following there are mainly two parts. The first part is that we construct an auxiliary graph #; based on H;;1,
and we show that H; € M(M;). The second part is we show that if #; is an MAG consistent to 7 and local BK regarding
Vi,--+, V;, then H;;q is an MAG consistent to P and local BK regarding V1, ---, Vii1.

(A) Auxiliary graph #; € M(M;). We construct an auxiliary graph H; based on ;1 by transforming only and all the
bi-directed edges K <> T to K — T which are K <> T in M1 but Ko— T in M. Recall Algorithm 1 that obtains M
from M. There is K € PossDe(X, M;[—C]) and T € C. We want to prove H; € M(M;). Given the fact that the orientation
of the circle component in 7; totally follows that in #;,1, it suffices to show that there are no (almost) directed cycles or
unshielded colliders introduced in #; 1 relative to M;. We show the process of obtaining #;,1 from M; as follows.

(Step 1) for all K € PossDe(X, M;[—C]) and VT € C such that K o— T in M, orient K <*T (the mark at T remains); for all
K € PossDe(X, M;[—C]) such that X o— K, orient X — K;
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(Step 2) orient the subgraph M;[PossDe(X, M;[—C])\{X}] as follows until no feasible updates: for any two vertices V;
and V; such that Vjo—o Vj, orient it as V; — V; if (i) Fv,\Fv; # @ or (ii) Fv, = Fy; as well as there is a vertex
Vi € PossDe(X, MI;[—C])\{X} not adjacent to V; such that Vi — V;o—o V;, where Fy, ={V € CU{X} |V 5o V| in M;};

(Step 3) obtain M[; ¢ by applying the orientation rules until the graph is closed under the rules;

(Step 4) for the circle component in subgraph M 1[PossDe(X, M;[—C])\{X}], orient it into a DAG without new unshielded
colliders;

(Step 5) for the circle component in subgraph M {[—PossDe(X, M;[—C])], orient it into a DAG without new unshielded
colliders;

(Step 6) transform edges o~ to —.

Note Step 1 - Step 3 are Algorithm 1. And in Step 4 - Step 6 we transform the edges o— to — and transform the
circle component in Mj;,; into a DAG without unshielded colliders. The feasibility of transforming the circle compo-
nent into a DAG without unshielded colliders is due to the fact that the circle component is chordal and every chordal
graph has a perfect elimination order, through which we can orient the chordal circle component into a DAG without un-
shielded colliders. When proving H; € M(M;), we only consider the circle component in M;. We divide it into two parts,
one is the circle component in M;[PossDe(X, M;[—C])\{X}], denoted by CCy; and the other is the circle component in
M;[—(PossDe(X, MI;[—C])\{X})], denoted by CC.

Note the oriented edges of CC; in H; totally follows those in H;y1, which are oriented by either Step 2 or Step 4. There
are no new unshielded colliders or directed or almost directed cycles oriented in CC; according to the three following facts.
(1). There are no new unshielded colliders or directed or almost directed cycles in CC; oriented by Step 2 according to
Lemma 12. (2). There are no unshielded colliders or directed or almost directed cycles in CC; oriented by Step 4 because
the circle component in M, is chordal and is oriented to a DAG without new unshielded colliders. (3). There are no new
unshielded colliders or directed or almost directed cycles in CC; oriented by both Step 2 and Step 4 due to the balanced
property of Ml; ;¢ and the impossibility of the transformation of circle edges to bi-directed edges.

Note the edges in CC, also totally follow those in ;1. Although when Xo— T in M; where T € C, there is X <> T in
‘Hi+1 while X — T, such edge is not in the circle component CC, because it is as Xo— T in M. According to the orientation
process, the sub-circle component of CC, induced by V(CC2)\{X}, is oriented into a DAG without new unshielded colliders.
Hence if there are new unshielded colliders or directed or almost directed cycles in edges of CC,, they contain X. (1) There
are not new unshielded colliders as A% X <=B in edges of CC, in Step 2 due to Lemma 9. (2) There are no directed or
almost directed cycles in CC, containing X because for each vertex V in CC; that has a circle edge with X, the edge is
oriented as V — X.

Then we consider the circle edge in the circle component which connects K € PossDe(X, M;[—-CD\{X} and T €
V(M;)\ (PossDe(X, M[;[—C]D\{X}). There must be T € CU {X}, otherwise T € PossDe(X, M;[—C])\{X} due to K €
PossDe(X, M[;[—C]\{X} and K o— T. Hence in H;;1 the circle edge is oriented as K <— T in Step 1 and 6. According to the
relation between #;,1 and H;, there is K < T in ;. Hence, for each circle edge K oo T where K € PossDe(X, M;[—C])\{X}
and T € V(M;)\(PossDe(X, M;[—-C])\{X}), there is K < T in H; and T € CU {X}. Hence in H; there is not a directed or
almost directed cycles oriented from the circle component which contain both the vertices in PossDe(X, M;[—C]D\{X} and
V(M;)\ (PossDe(X, M[;[—CD\{X}). If there is a new unshielded collider in #; relative to M; comprised of the vertices
in both PossDe(X, M;[—C]D\{X} and V\(PossDe(X, M;[—C])\{X}), the unshielded collider also appears in M., which
contradicts with Lemma 12.

Hence, we prove that H; € M(M).

(B) If H; is an MAG consistent to P and local BK regarding V1, --- , V;, then ;. is an MAG consistent to 7 and local
BK regarding V1, ---, Vi 1. Suppose H; is an MAG consistent to P and local BK regarding V1, ---, V;. Since H;;1 has the
non-circle marks in M., and H; belongs to the MEC represented by P, it suffices to prove that H;;; is an MAG Markov
equivalent to H; according to Lemma 1 of Zhang and Spirtes [58].

Note that the only difference between H;; and #; is that for VK € PossDe(X, M[;[—C]) and VT € C such that Ko— T in
M, there is K — T in H; but K <> T in H;;1. Denote the set of different edges in ’H?(= Hi) by Edge(?—[?) ={K— T in H; |
K € PossDe(X, M;[-C]), T € C, Ko~ T in M];}. We could obtain #;;; from #; by transforming these edges to bi-directed
edges. We transform one edge one time. At first, we select the edge K — T in Edge(?—t?) according to the selection criterion
that (1) we select K that is not an ancestor of any other Vi such that there is an edge Vi — V3 in Edge(?{?); and (2)
given K selected in the first step, we select T that is not a descendant of any other V; such that there is an edge K — V,
in Edge(’}-t?). Then we obtain Edge(?—l}) by deleting K — T from Edge(?—[?). By such operation, we obtain a new graph Hi]
and Edge(Hil). Repeat the process above and we could obtain a series of graphs 7—[?(: Hi), ’H}, S H 7-[,7”“ (=H;). We
prove the desired result by induction. Given #; is an MAG consistent to P, we will show that for any 7—[{ and H{H, where
0<j<m,if H/ is an MAG, then #/*" is an MAG Markov equivalent to 7. Suppose the edge transformed in #; is K — T.
According to Lemma 1 of Zhang and Spirtes [58], given ’H{ is an MAG, it suffices to show that (1) there is no directed path
from K to T in #] other than K — T; (2) for any A — K in H], A— T is also in ;; and for any B < K in ], either

B—T or B« T isin Hlj: (3) there is no discriminating path for K on which T is the endpoint adjacent to K in sz
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(1) For the sake of contradiction, suppose there is a directed path from K to T in 7—[{ other that K — T, we suppose
the minimal directed path of this path is K(= Fo) - F1 — -+ — Fy — T(= Fjz4+1). Since we only transform directed edges
to bi-directed edges in the whole process, the directed path is also in ’H?. We first prove that there must be a vertex
Fnp,1 <n <m such that F, € C. Otherwise, all of Fyq,---, Fy belong to PossDe(X, M;[—C]) since Fy € PossDe(X, Ml;[—C])
and there is a possible directed path comprised of Fg, Fq,---, F, in M. (i.) If there is F,, — T in M, it contradicts with
Lemma 10. (ii.) If there is F;; o—o T in M];, according to the first step of orientation procedure to construct ;1, there is
Fm < T in H;41. Since we never reverse an edge in the process from #; to H;;1, there cannot be an edge F; — T in
7—[{. (iii.) If there is Fjyo— T in M, there is F, — T in H? and 7—[{. According to the edge selection criterion, when there
is both F, > T and K — T in 7-{,{, we transform F,;; — T ahead of K — T due to K — F{ — --- — Fy;, contradiction. For

the other situations for the edge between F,, and T in M, there cannot form an edge F,, — T in 7—[{ Hence we conclude
there is a vertex F,, 1 <n <m such that F, €C.

Without loss of generality, we suppose F, € C and F; ¢ C,V1 <[ <n — 1. We first prove there is not a vertex F;,1 <1<
n —1 adjacent to T. If there is, since Fj — --- — Fp; — T in H;, there is F; — T in H; due to the ancestral property. In this
case there is a directed path F{ — --- F; — T without vertices in C in #;, which implies that there is a possible directed
path where the sub-path from F; to F; is minimal and any variables on the path do not belong to C, contradicting the
result we prove above. Hence F; cannot be adjacent to T for V1 <l <n —1. (i) If n > 2, (i.a.) if there F,o—T or F;, > T
in M, there is an uncovered possible directed path comprised of K, Fq,---, F,, T in M; where F; is not adjacent to T. In
this case Ko— T has been oriented as K — T in Ml; by Rg due to M is closed under the orientation rules, contradiction.
(i.b.) If there is Fp <=T in M, note the non-adjacency of T and F,_1. Due to the edge T#—> F, and the complete property
of M, the mark at F, on the edge between F,,_1 and F, is identifiable in M. And due to the possible directed path, there
is Fp_1 — Fy in H;, there can only be F,_1 — F, or F,_10—~ F, in M. The former case contradicts with Lemma 10 due to
Fn_1 € PossDe(X, M;[—C]) and F, € C. For the latter case, the edge F,_1 — F, should be transformed to bi-directed edge
ahead of K — T, hence there cannot be an edge F,_1 — Fj in ’Hf, contradiction. (ii.) If n =1, there is K — T’ — T in H;y1,

where T’ € C. In this case if there is not Ko— T’ in M, there cannot be an edge K — T’ in 7—[{; if there is Ko— T’ in M,
there is thus both K — T’ and K — T in H;, Ko— T’ is transformed to bi-directed ahead of K — T due to T’ — T, thereby
there is not an edge K — T’ in ”H{ . Hence there cannot be a sub-structure K — T’ — T in ’)—li’ , contradiction. Hence, there

is always a contradiction if there is a directed path from K to T in H{ .

(2) In this part, we prove that if there is an edge A — K in Hf there is A— T in 7—[,] if there is B <> K in ’Hlj either
B— T or B« T isin H{. Note there is Ko~ T in Mj;, where K € PossDe(X, M[;[—C]) and T €C.

It suffices to show that for A such that A— K or A < K in 7-[{, A is adjacent to T. According to the ancestral property
of H/, we get the desired result due to K — T in 7.

We discuss the possible cases of the edge between A and K in M. If there is A#+> Ko— T in M, due to the closed
property of M, A is adjacent to T. Hence the result evidently holds.

If there is A o— K in M;, we discuss whether A € C. If not, then A € PossDe(X, M;[—C]) due to K € PossDe(X, MI;[—C]).
Suppose T is not adjacent to A for contradiction. In this case, we orient K — A in the second step due to T € Fg\Fy, there
is thus K — A in 7—[,?. Considering we never reverse a directed edge in the whole procedure, there is not A — K in 7-{,{.
And since only the directed edge connecting a vertex in C and a vertex in PossDe(X, M;[—C]) is possibly converted to a
bi-directed edge in the process from H? to 7—[{, A < K cannot be transformed to A <> K due to A, K € PossDe(X, M;[—C]),
so that A <> K is not in ’H{. Hence when A o— K in M; and A ¢ C, there is not an edge A — K or A < K in ’H{. If AeC,
A is adjacent to T due to T € C and Lemma 9. Hence the result holds when A € C. We conclude that if there is A o— K in
M, the result holds.

If there is A <oK in M, there is A < K in H;. Since we never reverse a directed edge in the whole process, and only
the directed edge connecting a vertex in C and a vertex in PossDe(X, M[;[—C]) is possibly converted to a bi-directed edge
in the process from H; to H;11, we only need to consider there is A <> K in H,] where A € C. In this case, A is adjacent to
T according to Lemma 9. The result holds.

For the other cases for the edge between A and K in M except for A#— K, Ao—o K, and A <oK, there cannot be an
edge A— K or A< K in 7—[{. We thus have considered all the possible cases and conclude that if there is A — K in 7—[{,
there is A— T in H{; if there is A < K in 7—[{, either A>T or A< T isin ”Hi] according to the balanced property.

(3) In this part, we prove that there is no discriminating path for K on which T is the endpoint adjacent to K in 7—[11 The
proof refers to that of (T3) of Theorem 3 by Zhang [35], with modifications due to the additional background knowledge.

Suppose a path p=(Vo, V1,---,Va =K, T) in H{ which is a disgriminating path for K. Without loss of generality, sup-
pose p is the shortest path. According to the construction of Edge(’Hf), there is Ko— T in Mlj ;. We derive a contradiction
by showing that p is already a discriminating path in M;. Hence there cannot be an edge Ko— T in M, otherwise if i > 1
(there is local BK) it will be oriented as K — T by R/ or if i =0 (there is not local BK) it will be oriented as K — T or

K <> T by R4 due to the closed property of M;. There is V,_1 <> K in ’H{ , for otherwise there would be a directed path
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K — Vyp_1 — T from K to T other than the edge K — T in H , contradiction. It follows that every edge on the subpath

from V4 to K is bi-directed in H,’

Next we will prove that there is an edge Vg% V1 in M. Suppose for contradiction, the edge is either Vg o—o V¢ or
Vo «<oVj.

(i). Suppose Vg o—o V1 in M. There cannot be an edge Vi <> V5 in M, for otherwise there is Vo <> V5 in M; due
to the balanced property of M, which contradicts with the shortest discriminating path p. Since we do not transform a
circle edge in Ml; to a bi-directed edge, the edge between Vi and V, are either Vio— V3 or V; <oV,;. For the former
case, Vo is adjacent to V5, for otherwise Vg#—> V1 <=V> is identifiable in P and M]; since Vo#— V1 <> V3 in 7—[{ and 7—[{
is an MAG Markov equivalent to ‘H; which belongs to the MEC represented by P, contradicting with Vg o—o V4 in M.
According to the balanced property of M, there is Vg*— V5 in M; thus there is Vg#— V5 in Hlj in which case there is
a shorter discriminating path without V1, contradiction. For the latter case, there is Vo o—o V1 <oV3 in M. As shown by
the orientation procedure, we only add an arrowhead at the vertex in PossDe(X, M;[—C]), and we never orient an edge
connecting two vertices from PossDe(X, M;[—C]) as bi-directed, hence Vy*— V; and Vq <> V, cannot be oriented at the
same time in the process of obtaining H;y; from #;.

(ii). Suppose Vo <oVq. Due to the fact that a bi-directed edge is oriented in H{ compared to M; only if the edge
connects a vertex in PossDe(X, M;[—C]) and a vertex in C, and the fact that an arrowhead is added only at the vertex in
PossDe(X, MI;[—C]), there is Vo € C and V7 € PossDe(X, M;[—C]). And due to T € C and the non-adjacency of T and Vy,
there is a contradiction with the condition that M[;[C] is complete in Lemma 9.

We conclude that there is Vo V1 in M. The remaining part is to prove by induction that for every 1 <i<n—1,
Vi is a collider and a parent of T in Ml;. V; — T is evident due to the non-adjacency of Vg and T. Note T € C and
Vi — T in M, thus Vy ¢ PossDe(X, M;[—C]) due to PossDe(X, M;[—C]) NPa(C, Ml;) =@ as Lemma 10. Hence, there cannot
be an edge Vi — V, in M since the edge cannot be oriented as Vq <> V3 in 7—[,] If there is not a collider at Vq in
M, there is Vio— V5. It is impossible because we never transform it to bi-directed in the process from M to H? as
V1 ¢ PossDe(X, M[;[—C]). Hence the collider is identifiable in M. Similarly, we could prove V, — T in M. Then we prove
there is V, <%V3 in M. If the edge is a circle edge, then there must be V; o—o V3 according to the balance property,
in which case there is a shorter discriminating path, contradiction. Then we consider the edge is V%> V3. Due to T € C
and PossDe(X, M;[—C]) N Pa(C, M;) = @, V, ¢ PossDe(X, M;[—C]). Hence V% V3 in M; can never be transformed to
bi-directed since arrowhead is added at only the vertex in PossDe(X, M;[—C]). Thus V| < V5 <%V3 is identifiable in M.
By such way, we prove that the path is a discriminating path for K in M. Thus there cannot be an edge Ko— T in M,
otherwise it will be oriented as K — T by Rﬁl if i>1 and oriented as K — T or K < T if i =0 since M} is closed under
the orientation rules, contradicting with Ko— T in M.

Hence, we conclude that #;4q is an MAG Markov equivalent to ;. It is evident that ;1 has the non-circle marks in
M 4. Since H; belongs to the MEC represented by P, H;.1 also belongs to the MEC. We conclude that H;;1 is an MAG
consistent to P and the local BK regarding V1, ---, V1. The proof in this part completes.

Hence, (A) H; € M(M;) (B), if a graph Hi;q1 € M(Mj;1) is not an MAG consistent to P and the local BK regarding
V1,-+-, Vigq, then a graph H; € M(M]) is not an MAG consistent to P and the local BK regarding V1, -- -, V;. By induction,
we conclude that if a graph H;+1 € M(M,1) is not an MAG consistent to P and the local BK regarding V1, ---, V11, there
is an MAG Ho € M(P) that is not an MAG consistent to P, which contradicts with Theorem 2 of Zhang [35]. O

Lemma 16.2. Suppose there is Ao— B in the PMG M in Theorem 1, then there is an MAG M consistent to P and local BK
regarding V1, ---, Vi1 with A < B.

Proof. This part totally follows Theorem 3 of Zhang [35] with the results we have proved before. Hence we only show the
sketch. We take M, as the Parc; of Zhang [35]. Note we do not consider selection bias in this paper. Hence the cases
of P, P3, P4 (Lemma A.2, Lemma A.4, Lemma A.5) of Zhang [35] will not happen. And Py, i.e., the balanced property, has
been proved to hold in M, according to Lemma 15. With the balanced property, Lemma B.1-Lemma B.18 of Zhang [35],
which are sufficient to prove Theorem 3 of Zhang [35], also hold in Ml;;; because there are not other conditions involved.
As proved by Lemma 16.1, we prove that when we transform the o— edges to —, and orient the circle component into
a DAG without new unshielded colliders based on M., we can always obtain an MAG consistent to P and local BK
regarding V1, ---, Viy1. It plays the roles of Theorem 2 of Zhang [35]. We can construct a graph #;;; with A <> B by the
same procedure of Theorem 3 of Zhang [35] and prove ;41 is an MAG that is Markov equivalent to an MAG H, obtained
from M, by transforming o~ edges to — and transforming the circle component in Mj;,; into a DAG Da.p defined
in Theorem 3. According to Lemma 16.1, Hg is an MAG in the MEC represented by P. Hence #;4+1 is an MAG in the MEC
represented by P. And since H has the non-circle edges in M1, H is an MAG with A <> B consistent to P and local BK
regarding Vq,---, Vi1, O

Proof of Theorem 1. The closed, invariant, chordal, balanced, complete properties of M, are proved by Lemma 5, 7, 14,
15,16. O
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Appendix C. Additional experimental results in Section 5.2

We show the experimental results for the respective three stages of the active learning framework in Tables C.3/C.4/C.5/
C.6/C.7 for d =6/8/12/14/16 (see Table 1 in the main paper for d = 10). And we show the ratio of reduced intervention
times by MaxEnt relative to random strategy and the ration of marks learned by rules to the total learned marks under
CIS/CS in Table C.8.

Table C.3
Number of correctly/wrongly learned marks in PAG, Number of interventions, number of correctly/ wrongly learned marks by interven-
tions, normalized SHD, and F1 score over 100 simulations with d =6 and varying p in the format of mean + std.

Stage Stage 1 Stage 2 Stage 3 Whole process

strategy-p # correct PAG # wrong PAG # int. # correct int. # wrong int. Norm. SHD F1 score
T R
SnOP meis  owmsow  [UENE LU sbitk ameon omeos
RO e omeow  leiow il onien sminn e
SnOS meie  oweom LSO W slerin amson omeo
MoMeoso  24E1790msxoam  Rion S5TIS 0plioss  oossols 052 s0s
Table C4

Number of correctly/wrongly learned marks in PAG, Number of interventions, number of correctly/ wrongly learned marks by interven-
tions, normalized SHD, and F1 score over 100 simulations with d =8 and varying p in the format of mean =+ std.

Stage Stage 1 Stage 2 Stage 3 Whole process

strategy-p # correct PAG # wrong PAG # int. # correct int. # wrong int. Norm. SHD F1 score
RO aesue  omion  lpiln IR dmien paiae pies
RERO® smein ameow  JUTIO ITWS Geiom omiom oesi
RO smess  omews R SiIE daen amien oo
I N e
I T
Table C.5

Number of correctly/wrongly learned marks in PAG, Number of interventions, number of correctly/ wrongly learned marks by interven-
tions, normalized SHD, and F1 score over 100 simulations with d =12 and varying p in the format of mean =+ std.

Stage Stage 1 Stage 2 Stage 3 Whole process

Strategy-p # correct PAG # wrong PAG # int. # correct int. # wrong int. Norm. SHD F1

Random-0.10 3.84 £ 134 5.95 + 2.37 0.09 + 0.40 0.02 + 0.03 0.92 £+ 0.14

MCMC-0.10 793 & 3.78 048 £ 1.02 3.67 £ 1.24 5.95 + 2.39 0.09 + 0.38 0.02 + 0.03 0.92 £+ 0.14

Random-0.15 4.49 + 133 712 £+ 2.59 0.17 + 0.65 0.03 £ 0.05 0.92 £ 0.11

MCMC-0.15 110 + 3.66 087 + 168 4.07 + 1.09 7.20 £ 2.68 0.09 + 043 0.03 £ 0.05 0.92 £ 0.11
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Table C.5 (continued)

Stage Stage 1 Stage 2 Stage 3 Whole process

Strategy-p # correct PAG # wrong PAG # int. # correct int. # wrong int. Norm. SHD F1
SON sean  amain  Geilh SATIE omiem o omeom aion
SOE sesm sesss IRii mENE Maas olrns omeon
It
Table C.6

Number of correctly/wrongly learned marks in PAG, Number of interventions, number of correctly/ wrongly learned marks by interven-
tions, normalized SHD, and F1 score over 100 simulations with d = 14 and varying p in the format of mean =+ std.

Stage Stage 1 Stage 2 Stage 3 Whole process

Strategy-p # correct PAG # wrong PAG # int. # correct int. # wrong int. Norm. SHD F1
Maveoto 12149t oeeiz NG EIT0G Giskos  oors002 0914003
e et
MiMcogo 196556 es0ksss ot Sl 00T%  oussose  omaon  0740a
B wism  wesss  [E1R SmiiE omrn imiae emeon
MiMcoso 126577 teseor  SUTIE PEUIN aiis  omao;  odsson
Table C.7

Number of correctly/wrongly learned marks in PAG, Number of interventions, number of correctly/ wrongly learned marks by interven-
tions, normalized SHD, and F1 score over 100 simulations with d =16 and varying p in the format of mean =+ std.

Stage Stage 1 Stage 2 Stage 3 Whole process
Strategy-p # correct PAG # wrong PAG # int. # correct int. # wrong int. Norm. SHD F1
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Table C.8

The ratio of reduced intervention times by MaxEnt relative to random strategy and
the ratio of marks learned by orientation rules under CS and CIS over 100 simula-
tions with varying d and p in the format of mean =+ std.

d p #diff-CIS #diff-CS %rule-CIS %rule-CS

0.10 2.62 £ 1.58% 8.11% 4.33% 14.9 + 1.78% 52.6+ 12.2%
0.15 253 £ 211% 13.3£ 4.90% 15.0 &+ 3.21% 54.8+ 11.1%
6 0.20 3.48 + 2.18% 15.5+ 5.09% 16.0 &+ 2.07% 57.8+ 8.49%
0.25 3.97 £ 1.37% 16.4+ 5.75% 15.8 + 1.97% 583+ 7.08%
0.30 3.64 £ 2.22% 18.0+£ 6.06% 16.7 = 2.07% 59.94 7.52%

0.10 4.02 £ 2.80% 14.0+ 4.64% 18.5 &+ 2.58% 59.4+ 5.41%

0.15 6.48 £ 2.27% 16.9+ 3.98% 21.0 + 1.92% 62.1+ 4.88%

8 0.20 6.63 + 3.78% 19.9+ 3.78% 21.0 &+ 2.26% 65.6+ 5.94%

0.25 6.26 £ 1.59% 22.0+ 3.62% 212 £ 111% 66.8+ 4.77%

0.30 5.79 £+ 1.61% 232+ 513% 21.6 + 1.42% 67.1+ 3.81%
(continued on next page)
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Table C.8 (continued)

d p #diff-CIS #diff-CS %rule-CIS %rule-CS

0.10 513 £+ 1.79% 14.24 2.17% 19.8 + 1.65% 61.6+ 3.28%
0.15 6.21 £ 2.93% 17.0£ 4.05% 211 + 1.76% 65.2+ 3.61%
10 0.20 7.64 £ 1.60% 214+ 4.21% 221 £ 0.87% 67.3+ 3.21%
0.25 6.73 £ 1.73% 23.4+ 3.10% 212 + 1.61% 68.9+ 2.59%
0.30 6.14 £+ 1.92% 2214+ 4.14% 214 £+ 1.08% 69.3+ 2.27%

0.10 6.77 £ 1.29% 16.4+ 1.41% 21.0 £+ 1.64% 66.2+ 2.01%
0.15 8.15 £ 1.50% 18.9+£ 3.82% 21.5 £+ 1.06% 66.7+ 2.69%
12 0.20 8.16 &+ 1.66% 24.5+ 3.68% 20.6 £+ 1.99% 703+ 2.67%
0.25 6.96 £ 1.69% 2424 2.71% 20.2 £ 1.24% 71.0+ 2.26%
0.30 6.52 £ 1.19% 247+ 6.66% 214 £ 1.66% 72.2+ 3.06%

0.10 6.45 £ 1.72% 19.7+ 3.60% 20.7 £+ 1.34% 66.3+ 2.40%
0.15 6.72 £ 2.02%  22.2+ 6.54% 20.8 £ 1.12% 69.6+ 4.44%
14  0.20 743 £ 1.52% 24.6x 5.06% 20.4 £ 0.74% 70.7+ 1.87%
0.25 5.90 + 1.84% 247+ 4.94% 19.5 & 1.04% 71.9+ 2.64%
0.30 528 £ 0.65%  25.0&+ 4.11% 19.7 + 0.70% 73.0+ 1.54%

0.10 779 £ 1.93% 18.3+ 4.16% 224 £+ 1.55% 66.9+ 2.30%
0.15 6.82 £ 1.43% 24.5+ 2.92% 20.6 £ 1.35% 71.2+ 1.65%
16 0.20 6.45 £+ 1.87% 242+ 2.93% 19.7 + 1.34% 71.0£ 2.19%
0.25 6.16 &+ 1.16% 23.0+ 3.16% 19.1 £ 1.47% 724+ 2.01%
0.30 4.86 £ 1.50% 243+ 2.01% 19.2 &+ 1.48% 73.3% 1.63%
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